HYPERBOLA

EXERCISE - 1(B)

1.  ®
= cos’hO—sinhO=1
2 2

SN A
j—

9 16
2
e=4/1+b—2 = /1+E =§
a 9 3
2. (D)
We know cos’ hO—sin’hd =1

XY gsinho=>"Y
a a

= cos’hO—sinhO=1

= (x+y) ~(x-y) =a

=coshO=

2

2

=Xy =—
Y 4
3. (A)

Let mid — point is (h, k). Equation of chord is T = Q!. So xh — yk — 4 = h* — k* — 4. Comparing with

x+2y+3=0

h_k K-
1 2 3

Onsolvingh=1,k=-2

4. (A)

Let P is (h, k) equation of chord with P as middle points is T = S’. Slope obtained is ;};Jr 2 which is

+3
equal to 2.
So,3h—4k=4

5. B)
B
\ e
/ 0 \F(ae .0)

n b

=-=—&b’ =a2(e2 —1)
6 ae
. 3
On solving we get € = \/;
6. ©

Let midpoint of a chord be P(h, k) then by ‘T =S, its equal will be
hx ky h* ¥

a> b> a’ b’
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HYPERBOLA

10.

11.

12.

As it passes through (o,B) hence
ah Pk h* K2

Which is hyperbola having center at (% ,%j .

A)
Area of triangle formed by any tangent and the asymptotes is (ab)

Now ab=a’tan A = tan\ =E
a

2

b
Hence e = 1+—2 3e=\/1+tan2k0re=|seck|
a

(D)

Locus of feet of perpendicular from foci on any tangent is the auxiliary circle.

Hence required locus is x* +y* = 5

(D)
Let A(1,-1) & B (2, 1) be two fixed points and P (X, y) be a moving point, then

|Z-1+i|-|Z-2-i|=3=PA-PB=3

Hence locus will be no real curve as AB = \/g <3

(B)
2 2
Eccentricity of - — —=Le, =Vl+cos’a
5 Scos’a
2 2
Eccentricity of X—2 _Y e, =+1-cos’ a
25cos“a 25

Given e, =~/3e, hence

) ) 1
1+cos’ o = 3sin’ aLorsin® a =5

A value of o is %

(B)
2 2
Equation of tangents with slope m to X—2 - Z—z =1are y=mx*+a’m’-b’
a

Slope of tangent perpendicular to y = x is —1
2 2

Hence equation of tangents with slope —1 to T—g - y? =1are x+y=23.

(B)

CENTERS : MUMBAI /DELHI /AKOLA /LUCKNOW /NASHIK /PUNE /NAGPUR /BOKARO /DUBAI # 2



HYPERBOLA

2

For the hyperbola X?—yz = 1,(\/§ ,O) is one the vertices, hence tangent at this point will be equally
inclined to the asymptotes.

Also the asymptotes are y = % x&y= —% x hence angle between the asymptotes is 60°.

The tangent and the asymptotes must from an equilateral triangle.

13. (D)
Any tangent to xy = ¢’ is x + t'y = 2ct
Now foot of perpendicular on this tangent from (0, 0) will be given by
x-=0 y-0 0+0-2ct 2ct 2ct’

or X = =
1 t? 1+1t? 1+t Y 1+t*

Eliminating t between x & y gives the required locus as (x2 +y’ )2 =4c’xy

14. (O
Standard result in geometrical properties.

15. (B)
Equation of asymptotes bx —ay=0 & x + ay=0
Any point P on hyperbola (a sec t, b tan t).

) ab(sect—tant)| ab(sect+tant)|
Product of perpendicular from P on asymptotes X
Ja? +b> | Ja? +b> |
21.2 2 2
ie., %z& but given ¢’ = a +2b =3, hence b>=18 & a* = 9.
a~+b a
16. (B)

For a rectangular hyperbola, eccentricity is 2 & independent of ‘c’.

Hence e, +¢, =v2 +4/2 ie., 2\2

17.  (A)
\/gx—y—4\/§t=03t=

V3x-y
43
X2 y2
Now V3 tx +ty—43 =0 = (V3x - y)(3x +y) =48 or TR

a’+b’ , 16+48
=e

a2

lLe.e=2.

Hence e’ =

18. (O

2
Any tangent of y* = 8x: y=mx+—
m

If this is a tangent to xy = —1 as well then x (mx + ij =—1 must have real & equal roots.
m

Now discriminant of m’x>+2x+m=0,4—4m’ =0=>m=1.

19. (O
Tangent to xy = ¢” at P(h, k) : kx + hy = 2¢”.
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HYPERBOLA

20.

21.

22,

23.

24.

25.

26.

2 202

X — intercept, X, = %, y — intercept, y, =——
Normal to xy = ¢” at P(h, k) : hx — ky = h* - k’.

2 k2 k2 _ h2
X — intercept, X, :T’ y — intercept, y, = K

Clearly Xy X0 or XX, +y,y,=0
yl Xl

(B)
xy=hx+ky = (x—k) (y—h)=hk
Hence the center is (k, h).

©)
(D)
(A)
. 9
Coordinates of R : (tl,—j
2t, .
Area A= 22 xtli.e.g& - B
2t ot 2 A
Area Bzi(2t1 —tl)i.e.2 :
2t, 2 i
Hence A=B
(A)

Polar of a pole is chord of contact from the given point. Let pole is (h, k) equation of polar is T =0

= 3hx —-5ky-15=0
Comparing with 2x +5y —5 = 0 we get,
_3h_sk_-ls

2 5 -5
= h=2,k=-3
(D)
Let pole of 3x — y + 1 =0 is (h, k) on comparing it with (5h) x — (6k) y—15=0.
We get, :>ﬁzﬁ=_15
3 1
:>h=—9;k=_—5
2

This (—9,?) satisfies 2x —ky +3 =0

So, 2(—9)—k(_75j+3=0
= k=6
(A)

Let mid points is (h, k). Equation of chord is T=Q !.
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27.

28.

29.

30.

31.

32.

33.

Soxh—yk—4=h*>—k*—4.
Comparing with x + 2y + 3 =0

h_ok_kow
1 2 3
Onsolvingh=1,k=-2
(B)
Centre of hyperbola is
:>§=O:>6x—5y+17=0
Sy
ds
= —=0=>-5x-4y+1=0
Sy

. -9 13
On solving : we get centre ERE]

Equation of asymptotes(s) differ from that of hyperbola by a constant. Let the Asymptotes(s) are
3x* —5xy -2y’ +17x +y+A =0. It satisfies [;,gj
On solving we get A =10

(D)
Let other is 2x —y+A =0 (Equation of hyperbola & asymptote differ by a constant)

So, (2x—y+k)(x+2y—3)=2x2+3xy—2y2—7x+y+k
Compare co — efficient of x =>A—-6=-7T=>A=-1
So equationis 2x —y—1=0

(B)
Let otheris x—y+A =0

So, (x+y+1)(x—y+k)=x2—y2+x—y+k
Comparing coefficient of y=>A-1=-1=A1=0
So equationis x —y=0

(D)
(D)
:>y=mx+£;y=mx+\/m2—3
m
. 4 )
Comparing — =m"-3=>m=12
m
So tangents are 2x —y+1=0&2x+y+1=0
(B)
x>y .
A point (a, b) can be taken on x* — y> = a* — b”. A tangent to —2+?=1 with slope ‘m’ is
a

y=mx++/a’m’ +b> . If it passes through (a, b) then we have b =am ++a’m” +b’
= 2amb=0;m=0

(A)

Any tangent to x> + y* = a’ is xcosO+ysinO=a
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HYPERBOLA

Let P is its pole w.r.t. x* — y* = a’
So comparing xh — yk = a°
=h=acos0,k=—asin@=x">+y’ =a’

34. (B)
Tangent to 4x* -3y’ =a’ is (2secf)x — y(\/gtan 9) =a
Let P(h, k) is its pole w.r.t. y* = 4ax
So polar is yk = 2x (x + h)

—acosb and k= a\/gsine

On comparing we get h =

So we have 2h? + k* = 3a°

35. (B)
X2 y2 2 X2
Given hyperbola are ——-—=1 i) and -2 =1 ...
P 9 16 -0 9 16 )
Any tangent to (i) having slope m is y = mx ++/9m* —16 ... (1ii)

2
Putting in (ii), we ger 16[mxi\/9m2 —16} _ox? =144
(16m2 —9)x2 i32m(\/9m2 —16)x+144m2 —256-144=0

:(161112—9)x2i32m(M)x+(144m2—400)=0 .(iv)
If (iii) is a tangent to (ii), then the roots of (iv) are real and equal.
. Discriminant = 0; 32x32m*(9m’ —16) =0(16m’ —9)(144m2 —400) = 64(16m’ —9)(9m2 - 25)
16m* (9m’ —16) = (16m* =9)(9m’ —25) = 144m* ~256m’ = 144m"* —481m’ + 225
=225m’ =225=m’ =1=>m=+1
36. (A)
Let the point of intersection of tangent be P(x,,y,).
Then the equation of pair of tangents from P(x i YI) to the given hyperbola is
(4x? —9y” -36)(4x] —9y; —36) = [4x,x ~9y,y —36] ...(i)
From SS; = T? or x’ (Y12 + 4)+ 2X,y,Xy +y’ (X12 —9) +..=0 ...(1i)
Since angle between the tangents is /4

2\/ 1y1 y1 +4 ( 9)}

yi +4+x; -9
Hence locus of P(x,,y,) is (x> + ¥’ — 5)° =4(9y’ — 4x’ + 36)

~.tan(m/4) =

37. (A
The equation of normal at (asec ¢, b tan d)) to the given hyperbola is ax cos ¢ +bycot ¢ = (32 + b2)

This meet the transverse axis i.e., x — axis at G.
So the co — ordinates of the vertices A and A’ are A(a, 0) and A'(—a,0) respectively.
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L AGAG= [—aJ{az +b’ jsecd)j[eﬁ[az +b’ jsecd)j
a a

a

38. (A
Let (x3, y1) be the required point.
Then the equation of the chord of contact of tangents drawn from (x;,y;) to the given hyperbola is
% - % =1 ..(i)
The given line is Ix+my+n=0 ...(11)
Equation (i) and (ii) represent the same line
Xy, 1 _—a’l  b'm.
S T
a’l bzmj

n n

Hence the required point is [—

39. @A)

The given hyperbola is T—6 _y? =1 ...()
Any tangent to (i) is y=mx ++/16m* -9 ...(11)
Let (x;, y1) be the midpoint of the chord of the circle x* + y* = 16
Then equation of the chord is T=S; i.c., xx, +yy, —(x} +y; ) =0 ...(iii)

Since (i1) and (iii) represents the same line.

.m_—1_+lém’-9

‘ X1 Y __(X1 +Y1)
—~m=—21 and (xf+yf)2 =y12(16m2—9)
= (x5 +y1) =16-§—sz —9y; =16x7 -9y,

1

- Locus of (x,,y,) is (x2 +yz)=l6x2 -9y’

40. (A
Let (x3, y1) be the given point.
2 2
X* 'y XX, Yy,
Its polar w.r.t. ?4——2:1 is a—21+b—21—1
. b’ xx, b’x, b’
1.€., y=—" - = — 3 X+ —
Y, a ay, Y,
2 2 2 2
This touches X—2 —y—2 =1if [b—j = az.[gj -b’
a” b Y, ay,
b_4:azb4x12_b2:>b_2:b2xf_ x_f_y_f:
2 4_2 2 2_2 2 2
yiooavy, yiooaw, a” b
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2 2

. : Yy
.. Locus of (x1, y1) is o =1
Which is the same hyperbola.
41.  (B)
Coordinates of P and D are (asec¢,btan¢) and (atan¢,bsec) respectively.

Then, (CP)2 —(CD)2 =a’sec’ p+b’tan’ dp—a’tan’ d—b’ sec’
=a’ (sec2 ¢ —tan’ (1)) -b’ (sec2 ¢ —tan’ ¢)
=a’(1)-b*(1)=a’-b’

42. (D)
Let xy = ¢” be the rectangular hyperbola, and let P(x;, y1) be a point on it. y
Let Q(h, k) be the mid — point of PN. Then the coordinates of Q are X=&
y Q(h K NAX, 1)
(2] T
X a " X
~.x,=h and %zk:xl =h and y, = 2k
But (x1, yi) lies on xy = ¢*.

. h.(2k)=c’ = hk = ¢*/2 v
Hence, the locus of (h, k) is xy =c¢?/2, which is hyperbola
43. (C)

Let the hyperbola be xy = ¢*.
Tangent at any point t is X + yt* — 2ct =0

. : 2c
Putting y = 0 and then x = 0 intercept on the axes are a; =2ct and b, = o

Normal is xt* — yt—ct* + ¢ =0

c(t4 —1) b —c(t4 —1)

Intercepts as above are a, = ,07 =

t’ t
t4—1 — t4—1 2 2
.'.alaz+b1b2=2ctxc( 5 )+%x C(t ):%(t“—l)—zti(t“—l):O;
~.aa,+bb, =0
4. (B

Let t,t,,t;,t, be the parameter of the points P, Q, R and S respectively.
Then the coordinates of P, Q, R and S are

c c c c .
ct,,— |,| ct,,— |,| ct;,— | and | ct,,— | respectively
t, t, t, t,

C C C C

t, t t, t
w4 3 _

Now, PQ LRS= —2— =-1
ct,—ct, ct,—ct,
1 1 .
= -——Xx———=-1=tt,t,t, =1 ...(1)
tt,  tt,

.. Product of the slopes of CP, CQ, CR and CS
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1 1 1 1 1 o
?X?XFXFZWZI [USlng(l)]
1 2 3 4 1727374
45. (B)
Let the equation of circle be x* +y* =a’ .. ()

. . . C
Parametric equation of rectangular hyperbola is x =ct,y =—
t

2
. L c
Put the values of x and y in equation (i) we get ¢’t* +— =1
t
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HYPERBOLA

MULTIPLE CHOICE QUESTIONS

1.

(AD)

Given 9(x* +2x + 1) — 16(y* =2y + 1) = 144 or

Nowa=4,b=3 & Center: (-1, 1)
2

—2=ez—1:>2=ez—1 ore=>
a 16 4

= focus (-1£5,1)
(4, 1) & (=6, 1)

(ABD)

x> —y* =cos’ a

Vertices =(+cosa,0)

Abscissae of foci = tcos on/E -0

e=12

. . : cos QL
Equation of directrics : x =+

V2

(BCD)

EXERCISE - 2(B)

(+1) (y-1)

2 2

For hyperbola 2a = % & given Ellipse is XT + y? =1

As the curve are confocal hence 2%.6 =2VJa’-b* =2

=e=4—(B)
1 15
~bP=a’(e’-1)=—(16-1)=—
(¢ -1) =15 (16-D=1¢
X2 y2
Hyperbola: I_EZI
16 16
X y_1
1 15 16
Distance between directrices = — =
) 15
2 T
LR = &zﬁ_g —>(D)
a 12
4

(AB) .
\/X2 Jr(y—l)2 —\/x2 +(y+1)2‘=k

Clearly, it is of the form
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HYPERBOLA

|SP—S'P|=2a where 2a <SS’

= k <distance between (0, 1), (0, 1)
= k<2

Obviously k>0

= exhaustive values of k are (0, 2)

5.  (AB)
(acos,bsin®),(acosd,bsind)& (ae,0) are collinear, hence
1 acos® bsind
1 acos¢ bsing =0
1 ae 0

1 cos® sinb 1 .
=l cos¢ sind)=0:esin¢—esine+sin(e—¢)=():>__Sm —sin¢

L e 0 e sin(6-¢)

2c0se;¢sine;¢ 1 cosU
= =———=_=¢

2sine_¢cosU © cosM

2 2
0—¢ 0+4¢

cos —cos
= 93(1) eid)=e_1:tangtan9=e—_1 ...(B)

cos 4 oS ; e+1 2 2 e+l
Similarly (acos8,bsin®),(acos¢,bsin¢) & (-ae, 0) are collinear, hence
tangtangze—Jrl ...(A)

e—1
6. (AO)

Slope of required tangent m =3
y=mx*+a’m’ -b’
=>y=3x%t J1.9-3
=>y=3x% J6

7. (CDh)
y=mx++a’m’ - b’
Let it pass through (h, k)
= (k—mh)" =a’m* - b’
= m’(h*-a’)—(2hk)m+ (k> +b*)=0
Now mim, =—1 =k’ +b*=a’ - b’
= +kK=a"-b
Will not have perpendicular tangent if a> — b* < 0 or a> < b?

2
Now e=,/1+b—2>\/§
a
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8.  (AB)

Let y=mx+ 8 be the tangent to y* = 32x and

m
yzme_r\/g\/m2 —1 be that of

2 2
XYy
i AR |
8 8

9 9
_(8Y 8
Comparing | — | =—(m® -1
p g(mj 5(m* 1)
>m'-m’-72=0=>m=43
Hence equation of common tangents are

y=3x+§&y=—3x—§ or9x—-3y+8=0&9x+3y+8=0

9. (ABC)
2 dy 2
Xy=2 =D>y=— —=—
Y Y X dx x*

S}

Equation of Normal: y—y, = % (x - xi)

:>8Xi—4=2xf—xf
:xf—3xf +8x,-4=0
Clearly ij =3 & X, = —4

1

Replacing x; with 2 = Z y, =4 &H y,=—4

1

10. (ACD)
11.  (BC)
2 2
Foci of =+ =1 are (0,3)
16 25
2 2
Also e of —+2 =1 is 23 i><eh =2
25 5 |5 ™

.. e of hyperbola is ?

Since hyperbola passes through foci and has axes along the coordinates axes hence let the hyperbola

bey——X—2=1
9 a
'.'e=¥ —a’=91 ... (B)
2
LR=Z22 221 18 (O
33 3
2. (AB)

Confocal ellipse and hyperbola are always orthogonal
Clearly in option (A) 31 +41 =91 - 19
And in option (B) 71 — 17 =31 + 23
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13. (D)

Let (tl’%j and [tz,tij be the points
2

Given (h, k) divides the line segment in the ratio 1 : 2
= (k)= [tz +2 4 +2t2j

3 3t,t,
3h=1t+2t (1)
%ikztl—i—th (2)

Using t, = —4L we get

or 2h+k:L&8h+k:4t1
2t,

= (2h+k)(8h+k)=2

Required locus is 16x* + 10xy + k* =2

14. (ABQ)
Let e be a root of x> — ax + 2 = 0, then
e’ — ae + 2 = 0 has both the roots greater than 1.
Now let P(e) = ¢* — ae + 2, then
(i) P(e)>1=a<3

(ii)%>1:>a>2

(iii) a>—~8>0=a <22 or a >/22
Hence 2\/§<a<3

15. (AD)
16. (AD)
17. (BD)

2 2

Given hyperbola is % - y? =1

1
Angle between Asymptotes: 2tan”' b =2tan"' — =60’
a 3

— acute angle = 60"

e=>3=9(e’-1)=e=—— ...(B
(¢-1)=e=7 (B)
L.R.:£=2

3
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18.

19.

20.

21.

24.

25.

26.

Asymptotes: LI A
a b

Product of 1* from (asec6,btan0)=

=2>2
1 1 4
o

(ABCD)
Solving x* + y* = a” and xy = ¢’
, ¢
—=> X + — =a
X

2

=x'—a’x*+c¢'=0

:>Z:xi =0&1_[xi =<:4&Z:yi =0&1_[yi =c*

(BC)
Clearly vertex is (\/5,0)

/

/

N\ /
N\

] / (B.0)

//

/s

i

¥ \

7 \\

Solving with Asymptotes x* —3y* =0
:>(\/§,1) and (\/3,—1)

", Triangle is formed by (0, 0), (ﬁ ,1),(@,—1)
= Equilateral triangle

Area—Eabsme—E 2.2 £ \/§

(ABC)
Given 242 < e +e, < 3x/§&elez =2
2 \/_ 2
= e’ —32e, +2<0&e> —2+/2¢, +2 >0

W2 -+10 32 +410
= 5 <e < 5

1

(BC) 22. 23. (BCD)
(AD)
(ACD)

(AB) 27. (CD) 28.  (BCD)

COMPREHENSION TYPE

a 1

5(5-b)'5(5-¢) 2

29.

...(D)

(ABCD)

30.

(AC)
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5(5-a)(5-b)(5-c) 1

52(5-b)(5-¢c) 2
2(5—9)=s:>ab+c=3a
AC+AB=3BC=12 (BC=4)
.. locus of A will be ellipse with foci B(2, 4) & C(6, 4) & with length of major axis = 12
c.2ae =4, 2a=12

Area of APQR
~Lroor= 2 (ae)
={a’ (1-¢’ )}%
=(62—22)%=¥

2. @A)

APBC is right angled

1 1 b2
". circum radius = = —PB=— (2ae2 ) +| = =
2 2 9

3. (D)
2a=BC =4 (where 2a = length of transverse axis)

v\ /[
T

(=4 (-9

4 b’
Passing through (O, C)
ety ot
b 3
4 2
Al -1)==re=—"F%~
(¢ =1)=3

—_
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4. (A)
ax N by _ a2
secO tan©

G [ae2 secO, 0}

a’e’tan 0
0,————

P[asecO,btan6)]

PG =(ae’secO—asech) +b’ tan’ @
PG” =a’sec’ 0| (¢ ~17) |+b” tan’ 0
L’ =a’(1+tan’ 9)[(e2 ~1) +b’ tan e}

L*min=a’ [lx(e2 —1)]

b2
— 2 2_1 -
a*(¢=1)=
P 2
b2
min =—
a
5. (A)

2 2 2
pg’ =a’sec’ GJ{%S[anG ~btan ej
(aze2 —b2)2

—a’sec’O+tan’ O -
b

a4
=a’sec’O+—tan’ 0
b4

6. (B)
PG’ Pg’ =b
.. G.M. of PG. Pg=D

7. (A)
2%+ 3xy -2y +5=0
Clearly 2x* + 3xy — 2y* = 0 are pair of asymptote

8. ©
Given hyperbola: x* + 6x — 2y* + 4x +2 =0
— Pain of Asymptotes: x> + 6xy —2y* + 4x + 2+ L=0
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HYPERBOLA

13 2
=3 2 0 ]=0
2 0 2+X
=2(-2-21)-3(6+21)+2(4)=0
p=—4
11
9. (O

2%+ 3xy -2y +5=0
= Pair of Asymptotes: 2x” + 3xy — 2y’ =0

2
Angle between Asymptotes = 2tan”' (Ej =tan’ [M}

a a+b
= 2tan 'e? -1 =§

oo

0. (A)
Solving x* + y* + 2gc + 2fy + k = 0 and (ct,%j

2
:>c2t2+:—2+2gct+2ch+k=0

= c’t* +c¢” +2gcet’ +2fct + kt* =0 ...(D)
¥ 1 Dttty 2fc -2f
t, tttt, ¢ c
1.  (C)
Form (1)

9
t+t, +t,+t, = e (" tt,tity =1)

1 -29
=t +t,+t+ =—
tt,t, ¢
2 t,t,t, 2t t,
12. (B)
-29
t, =(from(1l))=—
3t = (from(1)) -
13. (D)
14. (B)
15. (A)

CENTERS : MUMBAI /DELHI /AKOLA /LUCKNOW /NASHIK /PUNE /NAGPUR /BOKARO /DUBAI # §



HYPERBOLA

16. (B)
17. (A
18. (B)
MATRIX MATCH
1. A-q; B-s; C-r; D-p
2 2
(A) o= a +2b
a
. [a’+b’
e' = e
1 1
=+ !2=1 (A-9q)
e (¢)
(B) e1=e2=ﬁ (B-y)
2y-x-3) 9(2x+y-1
© (2y-x-3) _9( X+y ):1
20 80
Now a’=4 bz—%
=b’=a’ e2—1)
13
=le=—Ff-r
3
(D) \/gx_yzkand 4“3 —k
43 \/§X+y

2. A-r; B-r; C-q,s; D-r

1

(A) angle between Asymptotes: 2tan"

2tan'ver -1 =§

o | o

\/ez—lzL
3
, 4
—el=—
3

B 43m” + 43m
(B) x= T o3

_,m )
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HYPERBOLA

(m*-1)2V5
y:—

m
(C) x + y=k touches x* — 2y* = 18
Putx=k-y
=x’=k>+y’ —2ky
= —y*—2ky+ (K- 18)=0

= D=0
= 4K +4(k*—18)=0
k=43 C-q,s
2 2 2 2
(D) —+y—=1 and X——y—2—1 are can focal
ab’ a- b

= 4a el =a’e]
= 4a’—4b° =a’ + b’
= 3a’=5b’

3. (A-l‘), (B-S), (C-l‘), (D'q)
(A)

™~

Let P be (2\/_‘[ IJ

Equation of tangent : X2 Yo
XY
1

Area =5(2x1)(2y1) =2x,y, =16
A-2

2 2
(B) x y2 =1 e, =Vl+cos’ 0

5 5cos’ 0

2 2
X—2+y—=1 e, =sin0
25cos” 0 25

Given 1+ cos20 =+/3sin0

= 1+cos’0=3sin’ 0
=2 =4sin’0

5

=sin0=

CENTERS : MUMBAI /DELHI /AKOLA /LUCKNOW /NASHIK /PUNE /NAGPUR /BOKARO /DUBAI # 10



HYPERBOLA

—0=2
4

B-s
(C) PP, =b’ = Product perpendicular = 16

C-r
\-\h_

(D)
/S(~ )

LR =216
5
Semi L.R. =?

We know that PS, semi— L.R. and SQ are in H.P.
.16 _2PSSQ _2. (2)SQ
"5 PS+SQ  2+SQ
= SQ=38
~PQ=10

A-p;B-s;C-r;D-s

A-p;B-q;C-r;D-s
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HYPERBOLA

EXERCISE — 2(C)

So slopes of asymptotes are 1.

.. asymptotes perpendicular

Q.2

2 2 2
X

x* y° y
Let the hyperbolas be a_z_F_l & ?_F:_l

A line parallel to y — axis, say x = k, meets these in P & Q.

2 2 2 2
NOW:—2 Z—l&x k=y= b,,k -1 hencePls[k,ka—z—lJ
a
2 2 2 2
and %—éz—l & x:k:y:b,/Z—ZH,henceQis (k,b k—2+1J
a

2 2 ’ 2
Normal to X—Z—y—_l at P will be( j a2y Y TOVK @ bvk ..(1)
a’ b’ kaZ—a

2 2 , 2
Normal to k—z—y—:—l athHIbe( ) a2 YTONK F@ bVk” +a’ (2
a’ b’ bk ra®
2

Puttingy=0in (1) & (2) gives x = b—2k+ k , hence the point of intersection lies on x — axis.
a

Q.3




CA=CB = h*+16=k*+9

= |y?-x*=7

Now foci of x* —y? =—-a’ are (O,iﬁa), hence the foci are (0,iJ1_4).

Q4

Let P be (asecH,btan®).

Normal at P : i+ﬂ:a2+b2
secO tan©

a’+b’
It meets transverse axis(x — axis) at G[

Seco, Oj

Slope of one of the asymptotes = b

a

2 2
Now GL will be y=—%(x—a +b secej
a

It will meet the asymptote bx =ay at L(asec6,bsec6)

Clearly slope of LP = 0.
Q.5

B ___E_Hﬁ
C %

AD: x=+a?-bh?> & CB: x=—+/a?-b?




il—«."a:—b*":t;_EB Al —Jaor. B
- B :_\- .-'_ — _b'\
B C D| =)

So area of rectangle ABCD is = (2 a’ —b? ) [—j
a

4b*/a® —b?

a
Q.6
,. (secH tan® . : o2 2o
Let ‘P’ is & s . Combined equation of asymptotes is b“x“—a“y” =0
a
A B
P

By parametric from a point on line PA will be

seco tan© .
T +rcosa , T + rsino

It lies on asymptotes then

2 2
bz(% +rcosaj - az(? + rsinocj =0

= r?(b*cos’ o — a’sin®a) + 2(bsecOcosa —atan Osino)r +(sec’ 6 — tan®0) = 0

sec’f—tan?0

S0 PAPB=1T, = b?cos® o —a?sin® o

1
PA-PB = - independent of 0
b?cos? o —a’®sin® o (indep )

Hence PA - PB is independent of point P.



A
c b
B 3 C
BC = a is fixed
B . [6-6—) o . c_ [c-a)E-b)
2 s(s—b) 2 s(s—c)
tan &
_S=C_ .. a+b—c:k
tanz s—b a+c-b

= a+b-c=ka+kc—kb

= (k+1)c - (k+1)b =(1-k)a

=c-b :(—j a = a constant
1+k

= BA — CA is constant.

So locus of A is a hyperbola with B and C as foci.

Q.8

Let any tangent to y* = 4ax with slope m be y = mx L2
m
Now if two tangents are drawn from P(h, k), then slopes of these tangents (ml &mz) will be the

roots of k=mh+% or hm>—-km+a=0.

m,+m, :E & mm, :%

m,—m,
1+mm,

Now tan45° = =(m, - mg)2 =(1+ m1m2)2

=(m,+ mz)2 —4mm, =(1+ mlmz)2



k? 4a ( aT
:>—2——: 1+—
h h h

= k®—4ah =h’ + 2ah +a*

= (h +3a)2 —-k*=8a’

Hence required locus is a hyperbola.

Q.10

Factorizing x* + 2xy —3y® =0 gives x + 3y & X —y as factors.

Now let the asymptotesbex +3y+a=0&x-y+b=0

Pair of asymptotes will be x*+2xy -3y’ +(a+b)x+(3b—a)y+ab=0

Comparing it with x* +2xy —3y* +Xx+7y+c =0 gives
a+b=13b-a=7&ab=c.

—a=-1b=2c=-2.

Hence the asymptotesarex +3y - 1=0&x -y +2=0.

3-1

=2
1-1x3

m=-3m,=1=tan0=

. angle between the asymptotes = tan™ 2.
Q.11
2 2
y
= = 1

Let the hyperbola is X—z -L =
a~ b

Let the lineis y=mx + ¢

2 2

Solving y:mx+c&x—2—§:1
a



2
We have x_2 - (mx2+c) =
a b

1 m? 2mce c?
:(a—z— FJXZ —( bz jX— (14‘?]:0

Let A, Bare (X,, y;) & (X,, y,)mid — point of AB is (Xlzxz : M +%,) cj

1

2

X, +X, is sum of roots of above quadratic.

X2 y2
Equation of asymptotes are — — = =0
a

b?

On solving we have the quadratic

1 m*), (2mc c?
poil e e

So again X, + X, is same, hence mid — pint is same.

Q.12

Normal at any point (t , %j is (ty—1) = t°(x—t). It passes through (h , k).

So, (tk—1) =t’(h—t) = t* —ht*+tk—1=0
We have four roots of above equation. Let variable lineisax + by +c =0

a(X, + X, +X;+X,) + b(yl+y2+y3+y4)+4c_C

Ja? +b?

We have

Yx=Yt. Xy=33

Zt:h; zlzﬁz;k:k

totttt, -1

= ah+bk+4c=0



SRS

So line passé through (D , Ej
4’4

Q.13

y2 X2
Conjugate hyperbola : Pty =1

Let P is (atan©,bseco) .

ysec6 xtan6 _
b a

1

Equation of tangent is

2

2
And chord to X—Z — % =1 with P as mid — pointis T=S’
a

Xtan6  ysecH
a b

=tan’0—sec’ O

atan6  ysecH _
a a

-1

ysec6 xtan6 _

. 1| which is same as above equation.
a

Q.14

A chord joining A(t,) & B(t,) on the curve xy =c* subtends right angle at P(t,)

& slope of BP = ﬁ

So we have slope of AP =

1 23
1 .
= =-1as ZAPB=90
tt,t,2
-1
slope of AB: —

12

slope of normal at P : t,’



we have : t;° = t_—l

Q.15

Polar of (x, , y,) with respect to x” +y* =a® is xx, +yy, =a’. This line is tangent to xy = c?.

2
On sharing we have (x,)x +M =a’

X
j(xl)xz _(az)x + (Czyl) =0
D =a"-4x,y,c*=0

4

a
= XY = E
a4
So (X, ,Y,) lieson xy = - (A concentric rectangular hyperbola to xy = ¢?)
Q.16
dy —c?
xy=¢" = L =—-
Y dx  x°
—dx _ x*
dy ¢°

Slope of normal at P(t,) is t:. Equation of normal is {y— tgj =tZ (x—ct,)

1
= (ty—c) = tf(X_Ctl)

= ()x - (t)y +c(l-t}) =0
Let is meets curve at (ct , %) .So

= ()t - (tl)% Lte-t) =0

= (L) + tl - 1)) - (t,) =0



The two roots are t; & t,. So

= tht,=-1

Q.17

Let two mutually perpendicular linesarex=0&y =0
Let AB=2aand CD =2b

Let centre is P(h, k)

W

PA=JK? +b’
PC? =PA’

=h?+a’=k*+b?

=|x*-y® =b*-a’ (rectangular hyperbola)

Q.18

Let the circle be x*+y?+2gx +2fy+c=0 and the hyperbola be xy =a”.



Any point on the hyperbola will be (at,%)

Substitute these coordinates in the equation of the circle and rearrange the terms to get
a’t" +2gat® +ct® + 2fat+a* =0

2 2f
Now t,+t,+t,+t, =—?g,2tlt2t3 =ttt =1

a a a a

atl+at2+at3+at4__g&t1 t, t, t, f
4 2 4 2

Hence

Clearly its midpoint of line joining (0, 0) & (-g, -f)
Q.19

Equation of circle on the line joining foci (ae, 0) and (—ae, 0) as diameter is
(x—ae) (x+ae)+(y-0)(y-0)=0
le. X2+y?=a?=a*+b? . ()[ ae?=a*+ b
Let chord of contact of P (x,, y,) touch the circle (i)
Equation of chord of contact of P is [T = 0]
xx,faz—yy [b?=11ie., bXx-a2yy—a2h?=0 .. (i)
a’b’ PRI

O

Hence locus of P (x,, y,) is (b*x2+ a‘y?) (a? + b?) = a*b*.

Q.20
G yz
Let hyperbola is Z 1

A normal to it is - + ﬂ=a2+b2

secO tan 6

2 2
Ais K(a +b )sece , Oj

a

2 2
Bis (O | (a +bb)tan9j



Let mid — point of AB is P(h , k)

_ (% +b?)secO
2a

_ (@+b?)

So h ok tan 0

Eliminating '0" we have

= (2ah)’ —(2bk)’ = (a* +b?)?

RS
a‘e’ a'e!
43> 4b?
o \/1 a'e’  4a’
4b®  a‘e*
e=,/1+ 21
e’ -1
e
e =
e’ -1
Q.21

Let chord is A(t,) to B (t,).

-1

Slope AB = =4

t,+1,




We have, 2t, +t, = sh & 2t1+t2:__3k
c 4c

Eliminating t, & t, we get,
16x* +10xy + y* = 2¢?
Q.22

Atangent to x> =4ay is X = my + 2 It meets Xy = C°
m

So X =

X m

= mx’ =m’c? +ax

= mx’-ax+m’c*=0

LetP & Qare (X, ,V,) & (X, ,Y,)
= mid —point be R (h, k)

h= XX . K = ity

2 2
Xp+X, = : y1+y2:__
2
oh=2 k=22
m
ok
a’ a

2

=2X*= —ay => y = (a parabola)

Q.23

The hyperbolas are conjugate to each other so the common tangent will be the ones with slope
+1



So equation of tangent with slope ‘1’

y =X ++a*-b’

Let point of tangency is (h , k)

So x—y—+a’-b*> =0

xh  yk
PO

2 2
SO —=—=+ +a’-b’

2 2
Pointis[ za = \/Zb 2]
\/a -b a“-b

Length is twice of its distance from asymptote y + x =0

2t 12|

So length is \/ﬁ
a“—b
Q.24
Let the normal be tx —% =ct’ —t%.
. c 1 ., 1
As it passes through | ct,,— | hence tjt——=t"-—
t, t,t t



t—t
= (t,-t)t= tt; or tt°=-1

1

Q.25

2
We have & = %
a

And point of intersection of lines is

7xX+13y-87=0
= x=5,y=4
5X—-8y+7=0
Sowehavez—zs—ﬁzl
a b

On solving we have a = =4

5
— &b
J2
Q.26
Hyperbola is 16x* —9y* +32x +36y —164=0

= 16(Xx+1)* —9(y* -4y +4) =144

2 2
IR CEE N
9 16

Centre —» (-1,2)
Foci > (4,2)&(-6,2)

Directrix — x:ﬂ &x:_—14
5 5

Lotus rectum — %

Transverse axis — 6 ; equationy—2=0
Conjugate axis — 8 ; equationx +1=0

Asymptotes — 4x -3y +10=0&4x+3y—-2=0



Q.27
Slope of tangent=(—-1)

Equation: y =—x + /36 x1-9
y+x=i3\/§

Q.28

Chord with “0,” & 0, as and of extremities.

X 0s 870 _ Y o 6,46, 0, +6,

a 2 b

= COS

It passes through (ae , 0).

cos0, -0, cos0,+0,

So, e
2 2
cos(0, +0,)
o= 2
cos(0, - 6,)
2

.0, . 0,
e_l_—25m?sm?

e+1

Zcos& cosi
2 2

= e_—l + tanitani =0
e+1 2

Q.29

A line through (O : g} is y— g =mx . This is tangent to 3x* —2y* = 25.



2
So on solving 3x* —2(mx+ g] =25

= 6x°—(3mx+5)*> =50
= (6—4m?)x* — (20m)x — 75 =0
D=0 = 400m?+300(6— 4m?) = 0

= 800m’ = 6 x 300

U

3

Il

-+
N w

So equation(s) are = 2y =+ 3x + 5
Q.30

Atangentto x*—y®=a’ is xsecO—ytan0=a

B, (xsecB-vytanf = a)

A:(0,0)

_ a a
"|secO —tan® ' secO — tanO

, ( a ~a j
secO+tan® ' secH + tano
A (0,0): B(a(seco+tan ), a(sec6 +tan0))
C(a()sec6—tan0), — a(secO — tan0))
Area of A ABC

= % ‘ [a®(sec® 6 — tan® 0) — a®(sec® 6 — tan® 9)]‘ =a’



HYPERBOLA

EXERCISE —3
Q.1
Let middle point is P(h, k).
The equation of chord is T =S’
xh—yk =h*—- Kk*
Let this is normal at P(asec6 , atan0). So equation of normal is ﬁ + ﬁ =2a.
. h? —k?

On comparison : hsec6=— ktan6 = 22

-k 1 1
Eliminating '0'; we get ( 2 j [F - F} =1

= (X2 —y?)? = 4a’x2y?

Q.2

Let vertices of triangle are A(t,) , B(t,) , C(t,)
AB: (t;t,)y + x=C(t, +t,)
BC: (t,+t,)y + x=C(t, +t,)

AC: (t,+3)y + x =C(t, +t,)

2

If (t,t,)y + x—c(t,+1,) = 0 is tangent to y* = 4ax. Then Z— + (t,t,)y — C(t, +t,) =0 has
a
discriminate equal to zero.

SoD=0 = a(tt,)’ +Ct,+Ct, =0
Similarly a(t,t,)> + Ct,+Ct, =0
a(tt,)> + Ct,+Ct, =0

There are infinitely possible solutions for t, , t, & t,



Q.3

S(5.0)

o
T
]

[

—t
-\-\_\_\_\_\_\_\_

L=l 1
Fﬂﬂ_ﬂ_,_,—'—'__‘——_\_\_\_\_\_

Pis(-1,0)
Equation of lineis(y-0)= —-1(x+1)
=>y+Xx+1=0

Asymptotes of hyperbola are 9x* —16y* =0
= 9x*-16(x+1)*=0

= (Bx—4x—-4) (3x+4x+4) =0

x =4 & x=_2

-

-3

-3 & y=_>

=Yy y 7
So pointsare (—4,3) & (_—4_—3j
7 7

Q4

x* Y 3
Asymptote of — —=—=1lare y=+ —X
ymp 6 9 Y==3

Diameters of the ellipse perpendicular to this asymptotes are y = + —x

w| s~



Passing through It & I11™js y = gx.

2
Length of diameter of slope m = 2ab %
b*+a“m
: . 150
Hence required length is = —.
q J 481
Q.5
LetPis (asec6, btan0).
Tangent at P is xsect _ ytzne =1.
: b
Letitmeet y =—x at 0.
a
a
So x = ——— = a(secH + tano)
secH — tan 0

y = Db(secO+tan0)

Mid — point of PQ be (h, k)

h = a(sece+$j ; k= g(? +tan6j

L x? Y
Eliminatingd = 4(¥—F}:3

Q.6

xcosa + ysin o =p is tangent to x* +y* =p?

Q.7

Chord is - XC0SO — ¢ 3 yS|n9+(p=COSG+(p
2 2

Normal at P : -~ - by a? + b?

seco tan 0



cos — ¢ _ —sin(0 + @)

So secO tan©

cosO + ¢

2
a’+b?

On simplifying we get [tan¢ = tanO(4sec’0 —1)

Q.8
Let middle point is (h, k)

_xh yk h* K

Xrcos®  yrsin6 _

Chord of contact from (rcos , rsin6) is > o
a

h k h K

rcos®@ rsin@ a?  b?

cos?0 +sin?0 =1

2
X2 y2 X2+y2
D(a_z_ﬁj T

Q.9

Equation of pair of asymptotes of hyperbola differ from the equation of the hyperbola by a
constant. Let the equation of pair of asymptotes be

2x* —3xy — 2y* +3x—y+A = 0. It passes through the centre of the hyperbola.

o = 4x-3y+3=0

dx solving we get (y—l x——gj
E:—3x—4y—1:0 5 5
dy

Asymptotes pass through (—% %)

A= —6



Q.10
Let asymptotes are (2x + 3y + A,) =0 and (3x+2y+A,) = 0. Asymptote pass through

(1,2).50, A, =—8, A, =—7.

Hyperbola is (2x+3y—8) (3x+2y—7) + A = 0. It passes through (5, 3).
Soweget (11) 14) + A=0 = A =-154.

So hyperbola is 6x* +13xy +6y* — 38x —37y—-98 =0

Q.11

LetPis (asecO ,btan®). Let tano = m A point PQR at a distance ‘r” from P is

2 2
, : X
(asecO+rcosa, btan®+rsina). It liesson — — % =0. So,
a

b?(asecO + rcosa)® = a’(btan O +rsin o)’
= r? [bz cos’ o — a’sin? oc] + 2r(b*asecOcosa —a’btan Osin o) + ba® sec’ 6 —a’b® tan’ 0

b®a®(sec’ 6 — tan” 0)

=rn,=PQ-PR =
L=PQ (b?cos® a. — a®sin o)

b%a®
2cos’a —a’sin®a

(QP)-(PR) = 5

2
tano=m = sin‘a =

1+m?

= cos’a =

1+m?

b’a’(1+m?)

S0, (PQUPR) ==~

Q.12
Equation of tangents from (3,2) y = mx + +9m?—1. It goes through (3, 2).

So, (2—-3m)* = (9m*-1)



= 44+9m*>-12m=9m?* -1

= 12m =5

= m= i other root is «.
12

:5—X+§ & [x=3
12 4

Chord of contact is 3x — 9y(2) = 9 i.e.

Avrea of triangle can now be obtained

So tangent are |y

[ —4)
|- T'

e

5, 3 —6v=
3.2) x=3 G .0)

Which is 8 sg. units.

Q.13

Let the chords be y=m(x—ae) & y = —%(x+ae)

Eliminating m gives y* =—(x+ae)(x—ae) or x*+y*=a’e’ as the required locus.

Q.14

X=t?+t+ly=t"—t+1=>x-y=2t

2
:x:(x_yJ XY
2 2
2
. x+y—2=[x—y]
2 2

The required locus is in standard form of equation of parabola.

Q.15



Let the mid-point be (h, k), then equation of chord (T =S,) be hx —ky = &”.

Also equation of any tangent to y? = 4ax be ty = x + at?.

Comparing the two equations gives, %: h= —% or k? =-ah

Hence required locus is y* = —ax.
Q.16

Tangent to the hyperbola at P(8) is gsece—%tan 0=1.

Comparing this with 3x —y = ¢ gives

secO tan® . 1 T
——=——=sSIn0=—or 06=—.
6 3 2 6

Q.17

Let the common tangent be y = mx + c, then
2 2 2 2

for X—Z—y—zzl, ¢’ =a’m*—b’ & for X—z—y—zz—l, ¢’ =a’—b*m?.
a b b a

Hence a’m® —b® =a® —b’m?® or m=+1.
Hence the common tangents are y = +x++/a’> —b?.
Q.18

Let any point on S1 be (asec6,btan®).

Chord of contact of Sz w.r.to this point will be gsece—%tan 0=2..(i)

X
Also asymptotes of Sy are —+==0.
a

o<

Solving these with (i) gives points of intersections as
(2a(secH+tan6),2b(secO+tan 6)) & (2a(secO—tan6),—2b(secH—tan6))



Now area of triangle formed by these and the origin
1 0 0

~1h 2a(secO+tan6) 2b(secO+tan0) | =4ab.
1 2a(secO—tan6) —2b(sec6—tano)

Q.19

2 2 2
(a0x-5)"+ 10y-2) =93¢ say-7) = (x-3 | oy-3] 52T

Hence one focus is (%%) corresponding directrics is 3x + 4y = 7 and eccentricity is g :

So the latus rectum will be parallel to directrics passing through the focus

i.e.3x +4y= E.
10
Q.20
1_[-'.".
cC_ B
A 0 *X

Let P be (t%j then normal at P will be t>x -ty =t*—1.

. ) tt -1 th -1
Hence coordinates of A & B will be t3 ,0|&|0,— " and

coordinates of P will be x =

Eliminating ‘t” gives the required locus as (x* -y’ )2 +x°y° =0.



Q.21

Equation of chord joining P(6,)&Q(6,) will be

5cosﬂ—xsin 0,+6, =cos 0,+6,
a b 2 2

91—92
cosT 1
If it passes through (= ae, 0), then —&—=—.
p gh ( ) 0.+0, 1o
cos—+t—2
0,-96 0.+6
cos—*—2_-cos—+—2 ,_ _
= 2 2 _1¥e o anBn® _1xe
0 0,+0, 1+e 2 2 1te

e1 Y
COS——=+C0S——*=
2 2

Q.22
Locus of P, such that |[PA —PB| =k, is a hyperbola if 0 <k < AB.

Hence k must be less than the distance between (0, -1) & (0, 1)

ie.0<k<?2.

Q.23

Let P be (t%j then tangent and normal at P will be x +t’y=2ct & t*x—ty=t*-1.

z
Q

=
D
g

I

N
Q
ka
(on
S

I
»
N

I

c
=a,a,+bb, =2ctx

Q.24

Let P be [Ctl’til’ then normal at P will be t’x —t,y =c(t,* -1).

1

. . Cc
If this normal meets the curve again at (ctz,t—], then
2
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