COMPLEX NUMBER

EXERCISE - 1(A)

Q1 [B]
= -24-3 =(iV2)(iv3) =6
Q.2 [D]

= (L+i)° (1-i) =(1-i%) =2°

Q3 [B]

(1) + (L) =[ @i + (@) ] ~2041) (1)
= [(2i)+(-2))[ —2(1-i?)

= -22"=-8

Q4 [C]

(1) + (-1 =[(@ei) +(1-1)' | —2(0+1) (@-1)'
=[] -2(1-7)

=64-2(2)" =32

Q5 [A]

(L) + (1-1)° =[ @+ i) + (11 | -2(04i) (1-i)
= [14+3i2 +3i+1° +1-1° 43 -3i | ~2(1-i%)
=[2-6 -2(2)

Q6 [A]

= (L+i)° =[(1+i)' ] =(2i) =32



Q7 [A]

=S 1+i%+i8 =i +i® =1-1-i-i* +1=2~i
Q8 [B]

it =1

= i =i*where nel; i"? =i =-1

.. given expression will become

1-1+1-1+1
:>—_
-1+1-1+1-1

Q9 [D]

For given equation to be true

(1-i)'=2"
=n=4m; mel
=minn=4

Q.10 [A]

(_1+_Ij = Real number
1+i

(1+i2-2i) (-1)"

=() () -

i
= =1
2n

leastn =2
Q.11 [B]

(a+ib)’ = +ip

= i°(-ai+b) =a+ip

2n



= (b—ai)’ =B—ai
Take complex conjugate then
= (b+ai) =B+ai

Q.12 [B]
1+ 2i

1-i

1+2i 1+i
:>—.X_.
1-1 1+1

1+3i+2i°
=
2

—1+3i
=
2

Q.13 [A]

2" quadrate

z-1

Let z=cosO+isin0O

(cos@—1)+isin®
(cos®+1)+isin®

—25in29+23in9c039
- 2 2

2c0329+2isin9+cos9
2 2 2

.. 0 0 .. 0
2isin —| cos—+isin—
N 2 2 2

0 6 .. 0

2C0S— | cosS—+1isin—

2 2 2
. 0
= Ww=itan—
2

= .Re(w)=0



Q.14 [C]

3+2_|s_|n6 _Ki:KeR
1-2isin©
(3+2isin 6)(1+ 2isin e)
= — =Ki
1+4sin“ 0

3—-4sin’0
=\ T Ao~ =
1+4sin“0

2
= sin%0 =(§j =sin?60°

0 (Realpartzero)

:>6:nniE
3

Q.15 [B]

Given x = 1
X

= X=11

Q.16 [C]

z=1+i
= 72* =1+i*+2i=2i
Let z, is multiplication inverse

=..22,=1

Q.17 [B]

1

(x+iy)s =a+ib

:>x+iy:(a+ib)3



= x =a°—3ab?

= y=-b’+3a’b

= .-.§+%:(a2 —3b2)+(—b2 +3a2)
:>4(a2 —bz)

Q.18 [B]

J3+i=(a+ib)(c+id)

= arg(\/§+i):arg[(a+ib)(c+id)]

] ] 1
= arg(a+ib)+arg(c+id)=tan*—
g(a-+ib)+arg(c+id)=tan”
:>tan‘19+tan‘19:E
a c 6
Q.19 [C]
z,=4+i5

=2z,=-3+2i

z, 4+5i (4+5i)(-3-2i) -12+10-15i-8;

N =
z, —3+2i 9+4 13

-2 23.

13 13

Q.20 [C]

x+1:20059
X

= Xx*>—2xc0s0+1=0

i — 2€0s0++/4c0s* 04

2




= X=00s0=isin0
Q.21 [A]
3-2yi=9"-7i

= 3=9%; —-2y=-17

1
=>X==
2

Ly?
2

Q.22 [B]

(1+i)x—2i +(2—3i)y+i _
3+i 3-i

= ((1+i)x—2i(3-i)+[(2-3i)y+i |[3+i]) =i(3+1)

by comparing real & imaginary parts

=>x=3,y=-1
Q.23 [B]
. 3 2+c0s0—isin®
X+1y= ——X —
2+C0sO+isin® \ 2+cosO—isinO

6+2c0sH—-3isinO
(4+cos2 0+ 4c0s 0 +sin? 9)

2(3+cos0) —3sin 0
=2>X=——, Y= ————
5+4cos0 5+4cos0
, ., A(9+c0s’0+6c0560)+9sin’0 404+ 2ycos6+5sin? 0
=X +y’ = =

(5+4cos(3)2 (5+4cose)2

8(3+c0s0)(5+4cos0)—3(5+4cos0)’

= 2
(5+4cos6)




= X +y* =4x-3

Q.24 [B]

X =—5+2J—4 =—5+4i

= x* —(-10)x+(41)=0

= x?+10x+41=0

— x> =-10x-41

= x® =—10x? —41x = —10(—~10x —41) — 41x = 59x + 410
= X +9X° +35X% —x+4 =x* (X +35)+9x° —x+4
= x*(—10x —6)+9x° —x +4

= -Xx*—6x>—x+4

= —59%x+410+60x +41x6—Xx+4

= -41x4+4

=-160

Q.25 [B]

(x+iy)(y—13)=4+i

By comparing real & imaginary parts.

=2x+3y=4 (1)
=2y-3x=1 (2)
5 14
= . X=—,y=—
13 13
Q.26 [D]

l1-isina
Z_

= ——=k; keR
1+ 2isina



(1-isina)(1-2isina)
1+4sin’ o

=7=

= ..Im(z)=0

= —2sina—sina =0
=o=nm nel
Q.27 [C]
z(2—i)=3+i

3+i 2+i 6-1+5i
Z = X =
2—i 2+i 5

—z=1+i=+/2e*
— Z20 — 210ei5n — 210 21024

Q.28 [A]
Re(z_8ij—0
z+6 )

_z+i(y-8) _ [x+i(y-8)][(x+6)-iy]
(x+6)+iy (X+6)2+y2

= Re(z)=x(x+6)+y(y—8)=0

= X +y? +6x-8y =0

Q.29 [B]
,_2+51 4+3i _8-15+26i
4-3i" 4+3i 25

7 26
>7z=—+—
25 25

- -7 i26

Z=
25 25



Q.30 [B]

z,+z,=Real

= 2,Z, =Real

= ..z, &z, are complex conjugate
=17 =Z_z

Q31 [B]

z = x + iy (in 3" quadrate)
=>x<0,y<0

= z=x-iy=x+i(y) 2" quadrate
Q32 [A]

(z+3)(2+3)

= (z+3)(:3)

= |z+3|2

Q33 [A]

= |z,2,|=|z,||z,| =1

Q34 [A]

z+1=|z—i|

\Im

|
Z\\ T:\’e al

Locus of z wier be Real axis



Q.35 [B]

271 _\ikeRr

R =0
- e (x+1)+iyx(x+1)—iy

= (x-1)(x+1)+y*=0
=x'+y’ =1

= 7" =1

=|z/=1

Q.36

= [2z-1+[3z-2|

Q.37 [B]

|z, +22|2 +|z, —zz|2

:>(zl+22)(Z+Z)+(21—22)(21—22)

- 2(|21|2 +|22|2)

Q.38
2% _hikeR
3z,
22,2, .
L2 = ki
3Jz,|



2 R— —_—
_ |m-n| _(zn-n)1-z
Zl+22‘ Z,+2, )\ 2,+12,

|Zl|2 +|ZZ|2 _(le"'zzz_l) _ |21|2 +|Zz|2

2 2 - - 2 2
|2, +|z,)| +(zlzz+zzzl) |2, +|z,|

Q.39

1 1 1
2, I, I

2, =z,| =]z, = =1

121 | 4,4, 2323|

=z, +2,+2,|= ‘z +2,+2 ‘_ + +
Z, Z, Z3 ‘

1 1 1
=>|—+—+—|=1

Zl ZZ 23
Q.40

2 2 2 2

2, 4|22 =22 |+ |z, 22 - 22

Let z, =2’ -22 Zi=2"-7

:>[|zl+zg|+|z1 3|] =z, +23| 23|2+2|zl+23||21—23|
2 2 2 2
:>2(|zl| +|z,] )+2‘z1 —23‘
= 2(j2.f +[zo[ )+ 2J2,"
2 2 2 2
:>2(|zl| +|2,| )+2‘z1 —22‘
:>(|21—22|2+|zl+zz|2)+2|zl—zz||zl+zz|

2
= [|21—22|+|zl+22|]

Q41 [C]



z-4|

—|=1
Zz—-8

Locus of Zwill be x =6

= ..2=6+1iy

2—12‘
Z—8i

S
3
= 3|-6+iy| =5/6+i(y—8)|

= 9(36-+y") = 25(36+(y-8)")

— y? - 25y +136=0

=y=8,17

= ..2=6+8i,6+i17

Q.42 [A]

|z—4|<|z—2|

= |z—4|2 <|z—2|2

= |z|2 —4(E+z)+16<|z|2 —2(z+2)+4
:>2(z+£)>12

= 2(2x)>12

=x>3
=Re(z)>3
Q.43 [B]

z=1+itana

3n
:>TC<(X<?



= |z| =1+ tan’a =[secal
= |z|=—seca (3" quadrant)
Q.44 [A, B]

-2
G

|z
I

7z

Q.45 [C]

|z,+2,|=

1 1
_+_
z, 1,

z,+2,
Z122

=z, +2,|=

= |z,z,|=1

Q.46 [D]

22 +|7" =0

=22 =—|7

= z=ilz|

—=Real (z) =0

= . z=1y

So infinite solution.

Q.47
= 7= max{|z—2|,|z+2|}
Q.48 [C]

z=-1+i/3 z lies in 2" quadrant



= arg(z):tan’l(—\@):n—zzﬁ

Q.49

z=-1-i+/3; z lies in 3" quadrant

:>arg(z):7r+tan‘1(\/§)=4—:;T
Q.50 [A]
,_L+iV3 V3-i_ V3+\3+3i-i
B+ B-i 4
:>z:\/§+i
2

—arg(z)=tan" ==

Q.51 Repeated Q.50

Q.52
13-5i
Z =

4—9i

=arg (z) = arg (13 - 5i) —arg (4 - 9i)

— tan (_—SJ —tan (—_gj
13 4

9 5
— tant| 413 —tan‘l(g—Yj—E
.95 97) 4
4 13

Q.53 [C]



1-i3
_1+i\/§

= arg(z) =arg (1—k/§)—arg (1+ |J§)

z

Q.54 [D]

z=1-coso+isina

—amp(z)=tan™ (1?202&)

25ingcosg
= tan_l #

= tan cot—) ===

Q.55 [B]

z=cosX +isin~=1.g

6 6
:>|z|:1,arg(z):g
Q.56 [B]

arg(z)=6

= arg(z):—e

Q.57

arg (z) <0

Letarg (z)= -0; 6>0



-7 \‘
0
A
z
then arg (— z) —arg (2)
(n-6)~(-0)=
Q.58 [D]

2] = o
= arg(z)+arg(o)=m

(2) ()
A

()
= z2=-0

Q.59

Re(z) < 0
=Im(z) =0
=arg(z)mn

Q.60 [D]

if arg(z) =0

—then arg(E) =—0

Q.61 [C]

arg(z,)=a

= arg(z,)=p



given a+B>mn

[
—
i(a+p)

I
= 7,2, =Ie

Y

Principal argument arg(z, xz,) =—(2n—a.+p)
= o+pf-2n
Q.62 [B]
z=-1
= arg[ZE’]:Earg(z):garg(—l)zgn
3 3 3
Q.63 [B]
z=x+ly
=arg (z—1)=arg (z + 3i)

= tan

Yy

x-1 X
N

x-1 X
=>Xy=Xy+3x-y-3

=

x-1
y

Wl

Q.64 [C]

(1+i)" +(1-i)"



IR CHE |
Y {2005” ﬂ
= (42) " oos(

Q.65 [A]

y=Cc0s0+isin®

— LV _coso—isine

= y+1:2cose
y



Complex Number

Exercise — 1(B)

Q1 [B]

:1—iz_—i(2+i)

z—-i (z-i)

|
/i
> » Re

Z+i
zZ—1i

=1

[w|=

|z+i|:|z—i|

z lies on real axis.

Q2 [C]
2 =[z,~2,|=| 3=
Q3 [B]

zE+aE+5z+b:O; beR
radius of the circle =|a" ~b>0
|a|2 >b

Q.4

|Zl| = |22| = |Z3| =r (let’s take)



Let z, =re"

DAl
(/

n2,+2,+2,=r(0)=0

Q5 [D]
G(zl+zz+z3] Az,)
3
Z,+2,+2,
T A 1
. mid point of AG z = 3 5 =0

4z, +2,+2,=0

Q.6 [B]

|z,|=12, |z,—3-4i|=5

|2,-27,| :‘zl+(—z2 +3+4i)+(—3—4i)‘

Hzl|—|z2 —3—4i” < ‘zl +(-z, +3+4i)‘£|zl—zz|+|3+4i|
7<|z,-7,|+5

sz —z,]22

|zl—zz| =2

min



Q.7 [B]

For
Z,
Z, Z,
in
Z3—%4 —e3 = Z, — 23
Z,-1, Z,— 14

_(Zl _23)2 :(22 _23)(22 _21)

2 2 2
—(zl +2Z; —22123) =2,—22,—2,2,+2,Z,

2 2 2
2, +2,+2,=2/2,+2,2,+2,Z,

Q8 [C]

Let arg(z)=6

Then arg(—iz)=arg(—i)+arg(z)= _—2“+e

c.arg(z)—arg(-iz) :g

Q9 [C]
Re[z+4j_1
22-i) 2

2+4 z+4
22— 2z+i

1

(z+4)(2£+i)+(2+4)(22—i):(22—i)(2£+i)

2|z|2 +iz+8Z +4i +2|z|2 —iz+8z—4i :4|z|2 +27i-2iz+1



Zi—iz—82-8z+4i+1=0
z(i—8)—2(8+i)+4i+1:0

z(8-i)+z(8+i)-4i-1=0

This is equation of straight line

Q.10 [C]

z
L
22

N

%2 g
Zl

Z,+72,=2/72,

For equilateral triangle with vertices z,,z,,z,

2 2 2
2, +Z,+2,=2/2,+2,2,+2,Z,

ifzz3=0

z:+25 =22,

Q.11

z,=1z, =l—j§i,z3 =1

|z, ~2,|=+2

z,-2,|= %—I‘Z‘%+i(%—l




Triangle is isoleces triangle

Q.12 [B]

e B 1+ 6i)
C( (4+1i)
SR
D
(-1-2i

|AB| =|BC| =|CD|=|DA|

2.-2, _-3+5i _._ .}
Z,-Z, 5+3i
o=

2

..ABCD is square
Q.13 [B]
90°

Q.14 [C]

By triangle inequality
Hzl|—|22” <|z, +z,|<|z,|+|z,]

Q.15



Q.16

(z,-2,)=2\(z,—2,) for collinear

o222

Q.17 [B]

22,-32,+2,=0

1:2
Zl Zz Z3
2, = 22, + 2,

2+1

Collinear points.

Q.18 [A]

o

Z

|Z-5i| = [Z+5i
So locus of z will perpendicular bisector of AB or z lies on real axis.

~Xx=0



Q.19 [A]
2-(2-i)-Jz-(2+)

Locus of z will be perpendicular bisector of line segment AB. A(2,-1),B (3, 1)

x+2y:g

Q.20 [D]

(z-2-3i)=

nNa

amp(x—2)+i(y-3)=

tan‘l(—y—:—%)::ZE
X—2 4

y—-3=x-2

r
4

X-y+1=0
Q.21

mg(iig)—f
z+2) 6



arg(z—2)—arg(z+2)=

tan™ Lj—tanl (LJ:E
X—2 X+2 6

ola

iy

TN
X
<
N
|
X
+ I<
N
~—
a

tan”

YX+ 2y —Xy+2y _f
x> —4+y*

x* +y° _a Y

Ve

x2+y2—ﬂ—4=0

V3
Z=A+3+iV5-A°

It is a circle.

Q.22

X=A+3&Yy= \/ﬁ
x=A+3&y=+5-22

y? =5—(x—3)2

(x—3)2 +y* =5

Q.23 Repeated Question (21) of EX. (2)

Q.24 [D]

z2-2|=2]z-3

(x=2) +y? :4((x—3)2 +(y2))



3x*+3y° —20x+32=0

x2+y2—29x+§g=0
3 3

mw .. T
Cos—+isin—
6 6

3+

2

Q.26 [D]

ot 1]

40T

20" 3
:]_2oei4?jT _ 920 (‘l— |\/§J
2

Q.27 [A]

_J§+i_ (-1+i/3
T T T2
Z=—lo

2% = ()" 0 =i

Q.28 [C]



(sin@+icose)" = {cos(g— 9j+ isin (g—eﬂ
COS(M— n9j+isin (M— nej
2 2

Q.29

COST . . T4 L. A\t
Z= 2 +|sm§ =(cosm+isinm)

i(n+3j 51 711]
Product of roots =¢

R
4 4 4 4

ei(4rc) -1

Q.30 [D]

(1+cose+isine
i+sin®+icosO

n
j =cosnO+isinnd



0 n
Zcose[ezj
2

0/ . 06 . 0
2C0S—| Sin—+1c0s —
2 2 2

(-i)" (cosn@+isin®)

So,n=4
Q.31 [C]
r 10 T T T »
—ene® Liein 23in(sin+icocj
1-cos— +1sin _ 10 20 20
T ... T . TT . 7T . Y

1-cos——isin— 2sin— || sin— —1C0S—
L 10 10 ( 20)( 20 20)
r T 20

Ie—lﬁ —ii 20

_ =|—e 10 _e—IZn

1
Q.32 [D]

S5 ( . 2nk . (ZRkJ
Z sin—— —icos| =——
) 7 7

6 ;27K i2r
Z—ie 7 Let a=¢e 7
k=1
—i[oc+oc2+oc3+oc4+oc5+oc6]

—i[-1] =i

Q.33 [B]



cos(26)+isin 26

Q.34 [C]

22=-1

z=-1-0,—°

where wis cube root of unity.

2,2,2,= (—1)(—0))(—0)2) =-1

Q.35

2l e n
1+i/3 _ (e j _ eiz—;‘
1-iV3 26 '3

it will be integer if n = 3.

Q.36 [C]
(1+0) =A+Bo
(-0?) =A+Bo
(-0’)=A+Bo

l+o=A+Bw
A=1=B
Q.37 [C]

(3too+ 3w’ )4 =(-3w+ 0))4 = (—203)4 =16



Q.38 [A]
(3+a*+0') =(3+0’ +0) =(2+0)° =64
Q.39 [C]

XY 2 1i0+02=0
a b c

Q.40 [B]

Given question is wrong. Actual question is

(z+1)’ =8(z-1)’

Z+l 5 o0 207
z-1

20+1 2m° +1

z=3, P
20-1 20" -1

77 47 27
Rt 2 3T 5
7

Re(z,+2,+2,)=—=



COMPLEX NUMBERS

Ex. 1(C)
Ql (o)
111 13
—+—+—+...00 terms —
x=9392 = x =93 or x =3.
L1l tems s
y:43927 :>y:41+1/3 ory:,lz

T S 1/(1+1) ;
—Z,(l“)r 1-1/(1+1i)

2

Now x +yz =3-+/2i = arg(x+yz) =—tan™ 3

Q2 (o

= .— . Z .

Z+IW=0=>Z-iW=0o0r —=1.
w

Now arg (%j = g = arg(ZW)+arg (%) = 3?75

= arg(ZZ):%n or arg(Z):??Tn.

Q3 (d)

Let P(x)=x°+4x>+3x* +2x° + x +1

or P(x):xe—x3+(4x3—x2+1)(x2+x+1).

Now for x =0 & o, x* —x* =x*+x+1=0, hence P(m)=0:P(m2).
P(x) is divisible be (x—w)(x—w?).

Q4 (o)

. n
cosro+isinro=¢e" = (cos@+isinB)(cos20+isin26) ... (cosnO+isinnb)= Ze
r=1

ire

i+ n(n+1) . . . n(n+1)
Hence e 2 =1o0r cos———~20+isin 5 0=1
MO:Zmrc or 0= amn .
n(n+1)

Q5 (o)



Let Z=cosO+isin®.

£+E= ZZ+22‘:1or 2|00326|=
Z Z
NOW 0520 =+~ = =T 4T

2 2 6

As 0¢(0,2r), therefore p=T @ 5—n 7_n ﬂ 5_n 11“

6’336 6 336
Q6 (A
w?—2u+2=0=(n-1)" =—lor u—1=~i, hence a—1=i & p—1=i.
Now (x+p)" =(cot0+u-1)"
(x+a)"=(x+B)" _(cotO+i)"—(coto—i)"

o— 2i
N (x+a)"=(x+B)" _(cosO+isin6)" —(cos@—isin)"
a—B - 2isin" 0
or (X-I—Ot)n —(X+B)n _sinn@
a—P Csin"o
Q7 (d)

|Z-4|= Re(Z):>(x—4)2 +y?>=x* or y*=8(x-2).
Now greatest positive arg(Z) will be greatest slope angle of tangent from origin
to this parabola.

Equation of any tangent of slope m will be y =m(x-2)+—
As it has to be drawn from (0,0), hence m =1.

. Greatest positive arg(Z) = %



Q8 (b
As shown in figure

P@)

both A(2, 0) & B(-2, 0) lie on the circle
1z-2i]=2V2.

ke Center of the circle is C(0, 2) & radius is 2+/2..
Now ZAPB=/ACO.

Z-2) =©
Hence arg| —— |=—.
Z+2) 4

(-2.0B 0 A2, 0)

Q9 (b

S=1+2a+3a’ +40’+ ... +na"" (i)
Multiply throughout by o to get
aS=a+20’+2a°+...(n-1)a" " +na" ...(ii)
Subtract (ii) from (i) to get
(l—OL)S:l+OL+OLZ+OLS+ . +a"—na"

-n

Now 1+a+cx2+a3+...+a“’1:038=1—.
—a

Q.10 (c)

2(a—ib
Let Z:a+ib&%:x+iy, then M—x+iy.

a’+b®
As a?+b% =1, thus x=2a&y=-2b or x> +y? =4.
Required locus is a circle of radius 2.

Q.11 (a)

ZAOB :g & OA=0B = Z, =iZ,. Hence % is purely imaginary.
1

Q.12 (c)



B+y=o+a’+...+a’=-1&
21 4n 8n 6m 107 121
Bxy=| COS—+COS— +COS— || COS— +COS——+C0S—— |=2
7 7 7 7 7 7
hence required equation is Z?+Z+2=0.
Q.13 (o)
Let Z,=€*,Z,=¢" & Z, =¢".
Now cosa+2cosp+3cosy =sina+2sinf+3siny=0=2,+2Z,+3Z,=0

=2Z°+82,°+272,° =182,2,Z,
~.sin3o+8sin 3B+ 27sin3y =18sin (a+p+7).

Q14 (A)
Let Z=k(cosA+isinA)&W =k(cosB+isinB)
NOW o = Z-W _ (cosA-cosB)+i(sinA+sinB)

— = = 0= — —
k2 +2ZW k+k(cosA+isinA)(cosB—isinB)
(cosA—cosB)+i(sin A+sinB)

or o=
k{1+cos(A B)-+isin(A- B
) A+B(. B-A ]
sin sin +|cos
g 2 2
A—B( A-B -B
k cos cosS +|sm
2 2
sinA;B(—sinA_BHcosA_B cos 2B _isinA=B
== X
— — — A-B .. A-B
kcosA B cosA B+isinA B cos —isin
2 2
isin
=o=
k cos

Hence Re(Z) = 0.

Q15 (c)

2% + K+ k=[2°|= |22 + K| +k =2 + k=K
Hence arg(ZZ)z—arg(k) or arg(22)=

g arg(Z):g.



Q.16 (b)

Let f(2)=(2°+1)Q(2)+azZ+b,

where Q(Z) is the qoutient when f (Z) is divided by Z* +1
Now f (i)=i & f (—i)=1+i, hence

ai+b=1 & —ai+b=1+1.
Solving these equations simultaneously gives
1+2i

b=""" g a=_.

2 2
.. remainder when f(Z) is divided by Z?+1is 1+—22|+%
Q17 (a)
a|Z,|=b|z,|= Ll b o 34 o g 8% _ooio

Z,| a bz, bZ,
Hence thﬁ =2c0s0
bz, bz

a_Zlyﬁ lies on real axis between (-2,0) &(2,0).
bz, bz,

Q.18 (c)

For n™ roots of unity

4o+’ +0°+...+0" =0

Also let S=1+20+3w?+...+ne"?, then

oS = 03+20)2+...+(n—1)0)”_1+nwn

. n
From the above two relations we get S= 1
0)_

n n n
Now > (ar+b)o™ =ad ro™+b) o™
r=1 r=1 r=1
n

or Y (ar+b)o =21,

2 (ar+b)o™ =
Q.19 (b)
(Z+ab)’=a®=Z=a-ab, av—ab & aw? —ab.

Now side length |(a—ab)—(am—ab)|=[a(1- )| ie. V3]a].



Q.20 (d)

‘coZ—l—mz‘:a:>|Z+l|:a.

Given |Z+1=a & [z-1|<2.

Now |Z+1]-2|<|Z-1|=[a-2/<2 or O<a<4.

Q.21 (a)

‘ZZ+ZZCOSOL‘S|Z|2+2|Z||COSOL|

Now |Z|<\/§—1& cosa <1, hence ‘Zz+22c05a‘<(\/§—1)2+2(«/§—1).
Or ‘ZZ +22cosa‘ <1.

Q.22 (b)
: , . Z,+27, .
Consider a circle having center at C — and radiusr.

Now A(Z,)&B(Z,) will be two points on a diameter such that

AC = BC.

Also P(Z) will be a point on the perpendicular diameter as given
PA=PB.

Clearly area will be maximum when CP =r.

1
Hence max. area = §|Zl —Z,|r.

Q.23 (d)
|2, +iZ,|=|Z,|+|iZ,| = arg(Z,) =arg(i Z,) or arg(Zz)—arg(Zl):g.
Let Z, =3 & Z, =4i, then Zz_i_zl = i(1+7) or .
1-i 2 2
3 0
Area=—x|1 0 4 :%.
p 1L
2 2

Q.24 (a)



4y

x
)
L4

-6 -4 -2 ]

therefore angle made by OB & OC with positive real axis are 4?% & —

Hence least arg(Z) = —%ﬁ :

Q25 ()
Case 1:|Z-1/<|Z+1|&[Z|=[Z-1]
Casell:|Z-1>[Z+1&[Z|=|z+1

5V3-5 . )
\/; represents a circle with center at

543-5

(-5, =5) and radius :

2
5J3-5
2

|Z+5+5i|<

Now OC = 52 & BC = . thus

Now angle made by OC with positive real axis is %ﬂ :

14
5

= x>0, then x:%&x<0, then x:—%.

Now Z+Z=2Re(Z), thus Z+Z =1or -1.
Q.26 (b)
Z Z
Z,-= Z,-=
arg ﬂ :E:ﬂzz_é 7gi
z |27z |7 g
2] 2]
z .. Z .\ Z
=27 -—=38i— or Z,=(3i+1)=.
. 12

Hence |Z,|= J1o0.

Q.27 (b)

The required complex vector will be %(

2

Z ZZJ o x(3+J§i 2\/§+6i}

—L 4 —= +
12| [z,]

23 4B

Hence any complex number of form u(l+ i) will lie along the angle bisector.

Q.28 (a)



|Z-2+2i|<|Z]-[2-2i| = -1<|z]- 242 <1.
Hence least value of |Z] is 242 1.
Also arg(Z) = arg(2 — 2i).
o2 -1, .
1-1).
i)
Q.29 (b)

Refer the adjoining figure.

S L=

ty

[Z+1-i]=2

ﬁ__\B

Re(Z)z=1

Q.30 (a)

As shown in figure range of arg(Z) will be

from E—e to E+6,where s;ine):l e G:E.
2 2 2 6

cm,2) |

~_;

\ /' Hence Arg(a)e [_’_}'

Q31 (b)

TR "~ Rotation of Z(x + iy) about the origin gives iZ(-y + ix).
pya Then reflection in Imaginary-Axis gives (y + ix),

T/~ . whichisequivalent to reflection of Z in the line x = y.
il ’;J Hence T is equivalent to composite of T> & Ta.




Q.32 (d)

i = Refer the adjoining figure.
: By cosine formula,
2| Z-1]
Iz +1-1
s cos T o2 - [Zor |2 -
O 2 3 27
Q.33 (c)

Refer the adjoining figure.

Re
»

) (1.0) 2.0

Angles in same segment of a circle are equal, hence Z will move on
major arc of two circles passing through (4, 6) & (10, 6) and of radius

32 as shown in adjoining figure.

Q.35 (d)

cos%jtisinzl—kz7T is 12th root of unity for k=0,1,2,...,11.

11 11
Now Z(cos&ﬂsm&j 0 & Z(sm&—lco anj_ iZ(cos&Hsm&j

= n n n n = n n

hence Z(sm Zkm_, i cosZTknj =i.



Q.36 (d)

Im. . A(Z)&B(iz) are such that OA L OB.
+
AlsoC(Z+iz) will be such that OC is diagonal of
@B Square OACB as shown in adjoining figure.
AZ) _ 1,

Hence required area is =|Z|".

0 Re 2

Q.37 (c)

LetP(Z)=(Z-1-i)(Z-1+i)Q(Z)+aZ+b

Now P(1+i)=3+4i= (1+i)a+b=3+4i ..(i)
& P(lu):3+4i = (1-i)a+b=4-3i..(ii)
From (i)

& (
(7+|j
Q.38 (a)
Note that triangle AOB is right angled isosceles triangle, hence C will be midpoint of AB.
Q.39 (b)

(a+ib)" =(a—ib)" =™ =¢™™), where 6 = tan”*

@) gy a2 E B an ™
a n a n

=€

Clearly least positive integral value of n is 3 such that b is defined and not zero.
a

Q.40 (a)
2Z,+Z,|<2|Z|+|Z,| = |22, + Z,| < 4.






COMPLEX NUMBERS

Exercise — 2(A)

Q1 (a)

s o35 7, Z
12| =|2,| = 2,Z:=2,Z; or Z—i:z—i
_ 4+,  Li+Z,

2,-72, Zi-2

Hence % is purely imaginary.

1 2
Q2 (b

|Z"2 224|122 Z-| Z'=0 = | Z|"? (zz+z—|2|2)=o,
hence |Z|=0or Z*+Z-|Z[*=0
= x-2y’+y(2x+1)i=0.

Hence x =2y* & y=0 {given X # —%}

Therefore x =0,y =0.
Hence one solution ispossible as Z=0 if n>2.

Q3 (b

Let the root be yi, then Z* +a,Z° +a,Z* +a,Z+a, =0 gives

y*—ajiy’—a,y’ +aziy+a, =0 ..(i)
Also as the coefficients are real, hence —yi must also be a root.

~ytraiyl—ay’ —aziy+a, =0 ..(ii)

Subtracting (i)from (ii) we get y* = %
1
Adding (i) &(ii)we get y* —a,y*+a, =0
2
' aiz—%+a4 —0or 22 2l

s =1.
4 4 a8, ayd,

Q4 (b)



2km 2km

) %, 1 cos———isin— -1
(A+1)'=A"= A+l=Ae" . A=———or —1 S
en 1 2-2cos ="
n
cosﬁ—isinﬁ
=>A=i—1 n o A" —jn COSKT
23in@ 2”sin“ﬁ
n n

) .ok
Now i" coskr = 2" sin" —n, therefore least valueof n =6.
n

Q5 (o)

Given Z,(2-32,")=2 & Z,(327 -2,* ) =11.

Now Z,(Z-32,°)+iZ,(32 -2, )= 2+11i= (Z,+iZ,)’ = 2+11i ...(i)
& 7,(22-32,%)-12,(827-2,°) = 2-11i = (2,-iZ,)’ = 2-11i ...(ii)
Further (2, +iZ,)°(Z,-iZ,)’ =125 or Z,?+Z,? =5.

Q6 (b)

Let Z=x+1y, then [2Z -1 =|Z 2| = (2x-1)" +4y? = (x—2) +y?

or x2+y%=1.

Now \(zl—a)+(zz—B)+a+ﬁ\s|zl—a|+|zz—B|+|a|+|[3|

. +7Z
Z,+7Z,|<2 L "21<2
=[Z2,+2Z,|<2(a+B) or o 1B
Hence 4+, <2[Z|.
o+p

Q7 (o)



‘aOZn +a,2" " +a,Z" %+ ... +a,|=3

n
=laollZ +auflZ] +anllZ + . +fag |23
(2 22 1 as <2
when |Z| >1, anyway the inequality holds so when |Z| <1, then LHS will be greatest as n — oo.

Hence

>3 or 2| >1
-z 2 3

Q.8 (b)

12| z+1
Z

Z+1-1‘:>|z|s
Z Z

1
+_
2]

2[2- S0 |z+2

-8
2] 3

.'.Z+i
Z

Q9 (o)
2, -1|=||Z,|-1| =|Zz,|-r|<r or |Z,|<2r.

n
Hence ) |Z,|<n(n+1)

r=1
n
2.2
r=1

Q.10 (d)

n
<>'|Z,| therefore

r=1

Also <n(n+1)

n
2.2
r=1

Refer the adjoining figure.

%LBOC - /BAC =§ & /CAD = /BAD = /CBD =g

:ABOD:g

Hence D is (-1, 0).
.. OD =0+’




L
=

Z=at+b:>t=b+Zc
t—c Z—-a
Z+9
t|=1=|Zc+b|=|Z-a| or ﬁ:|c|.As lc| =1, hence locus will be a circle.
-a
Q.12 (a)
_ak
Zk:l+a+az+...+a"‘1:>Zk:l & or Zk—i:—a—k
1-a 1-a 1-a
=z, - 1 |: % |< 1 . Hence Z lies inside the circle Z—i—
1-a| |1-a] [1-al 1-a
Q.13 (b)
ﬁ_e(n—Ze)i & Z3_Zl _ @2 Z3_Zl
ZZ ZZ_Zl ZS_ZZ
or 7, - 2222
Z,+7Z,
Q.14 (d)
= - = 7= 1.9 or e =122
2+C0SO+isin® 2+¢' Z

Hence [2Z -1 =|Z|. now let Z = x +iy, then (2x—1)° +4y? = x? +y?.

or 3x? +3y® —4x+1=0.
Hence locus of Z is a circle with center at X — axis.



Q.15 (d)
2,
p™ roots of unity=e P for k,=123,..,p-1&
2k21'ri

q™ roots of unity=e ¢ for k,=123,..q-1

Now let X=X for some {ky, k,}, then gk, = pk,.
P q

As p & q are distinct prime numbers hence the above conclusion is a contradiction.

Number of such {p, q} = 0.

Q.16 (d)
" 2km.
(z_lj Lz
z Z
2kn .. 2kn
1 COST_l_ISInT
or Z= 2kn . 2kn orZ= o =
cos—— —1+isin (cos_lj +sin2 25T
n n - :
cosz:f‘n_l )
—Re(Z)=— " orRe(Z)=—=
2—2003& 2
n
n-1 3
Hence ZRE(Z):_n_ll
k=1 2
Q.17 (¢
4 1 -
(Ej :16:&:—2,2,—2i,2i or Z:_l,l,—l_ZI&_l_i_Zl.
Z 7 > - :

Points representing these roots on argand plane are

A(—%,Oj,B(l,O),C(—%,%)&D(—%,%j.

Point which is equidistant from these is (%Oj

Q.18 (a)



z"-1
Z-1

(Z—l)(Z—Zl)(Z—ZZ) . (Z2-2,4,)=2" —1:>(Z—Zl)(Z—ZZ) e (Z—Zn_1)=

n
or In(Z-2,)+IN(Z=2,)+...+In (2-2,,)=In(2"-1)+In(Z2-1)
Differentiating w.r.to Z we get
1 1 1 nz"t 1
+ +. = + :
z-72, 7Z-Z, z-z,, 72"-1 z-1
Substitute Z = 3 gives

1 1 1 n3"t 1
+ +...+ = +—.
3-2, 3-Z, 3-2,, 3"-1 2

Q.19 [d]

23_222+Z_1:O ......... OC,B,Y
1
Let y=—
y z-1
y

By theory of equations,

3 2
:>[.1+VJ _2(1+y] +[1+yJ—1:0willhavethe roots L , L & L
y y y a-1p-1 y-1

=y -y-1=0 ..

1 1

Sum of roots + + =
a-1 B-1 y-1

Required value = ¢, B 4
a-1 p-1 y-1

a-1+1 B-1+1 y-1+1
= + +
o -1 y-1

1 1 1
=3+ + +
a-1 p-1 y-1

=3+0=3.




Q.20 [b]

Point Q(z2) will be image of P (L + i) in the line (3—4i)z+(3+4i)z+1=0, if

= (3-4i)z, +(3+4i)(L+i)+1=0

, _—[(3+4i)(l—i)+l]__ 4+7i
== (3- 4i) N ( 5 j
Q.21 [4]
Letz=1ib

=|z-2-3i] +|z+4-i[ =4|z-1+2i[

= (a=2) +(b-3)" +(a+4)" +(b-1) =4| (a-1)" +(b+2)" |
= a’+b*-6a+12b-5=0

= radius of circle = \/32+672+5=5\/§

Q.22 [d]

1 0 ®°
2 l+o 1+0°
3 2+ 2+

C,—»C,-C,

1 o o-o
=02 140 o*-o

3 240 o'-0
1 O]
:>(®2—c0)2 1+ ®

3 2+o

=C,—->C,+C,-C,



1 o 1
=12 o 1
3 o 1

=0

Q.23 [d]

102,200
0 L
/i

(19 20

By geometry, one can observe that greatest value of |z—(1+i)|+z—(~1—i) will occur if z=z,

1
or z=z;.

Hence, maximum value will be

2+2=4
Q.24 [b]
e®=cosO+isine . (i)
=e " =cos0—-isin6 .. (ii)
From (i) & (ii)
i0 —i0
= C0s0= € €
0 -i0
=sin0= _e
2
0 _ g-i0
=tanb=— ,
i(e”+e™)
e—sine _esine
= tan(isin®) = ( )

Hence, purely imaginary



Q.25 [a]

From Binomial Theorem, we know that

= (1+x)" ="Cy +"CX+"C,X" + v +"C, X
Substituting x =1,

= 2"="C,+"C,+"CFrreee 0)

Substituting x =—1

= 0="C,-"C,+"C,-"C,+"C,—wveeee. (ii)
Adding (i) & (ii)
= 2" =("Cy+"C,+"C,+"CyFrmnnnn (iii)

Also, (1+ix)" ="C, +"C, (ix)—"C,x* = "C,ix* + "C,x* + "Ciix® +.........
Substituting x = 1

= (1+i)" :(”CO—”C2+”C4—”CG+ ...... )+i(“C1—”C3+”CS—”C7+ ...... )

Equating real parts of both sides,
3 nm_, n n n :
:220057: c,-'¢c,+'¢c,-¢,< L. (iv)

Adding (iii) & (iv), we get

Substituting n = 20,

= %(219 +2'¢0s5m) ="C, + °C, + *°Cy + *°Cy, + Cg + *Cy



= 29(29 —1)
Q.26
2°—-272+4=0

g 2+4-16

2

=1+ J§i or 1—\/§i

SA+1+H)+A+1+4)+........

— 6x8 =48
—> 8 times repetition

Q.27 [b]
e H o)
Sz Np)

= cos(15°) —isin(15°)




= cos(—15°)+isin(-15°)
=z, =—sin(15°)+icos(15°)

= cos(90° +15°)+isin (900 +15°)

= Z2,2,Z5 . z, =¢e
et

=e

= Limit(z,2,Z,........... z,)
n—o

| e ) i T .. T
= Limit| e 2(3 2”+3] e8 =cos—+isin—
n—o 6 6

Q.29 [a]
AOAP ~ AOQR

OR OP
=>—=—
0Q OA

\_? Bisector of the £z,0z,
(y=x)



Using concept of Rotation

Z-0 Z,-0 4 .
= =—=e" .. (1)
1z-0| |z,-0]
470 10, (ii)
Z,-0 OA
From eq" (i) & (ii)
2o ZZE"
OAxOR OPx0Q
=27=27,
Q.30 [a]
A(Z)
C(z,) = D(Z,)
B(Z,)

We know that, if AB _ CB, then

Zl—ZZ+21—§2

= =0
Z,-2, Zz3—1Z4

474 L4
1—2> Z3—Za

=0 +0,=0



Solutions
COMPLEX NUMBERS
Ex. 2(B)
Ql (A)(C)
If vertices of an equilateral triangle are Z,,Z, & Z,, then Z* +Z,> + Z,> = 2,7, + Z,Z, + Z,Z, .

Now if Z, =0 &Z, =, then Z; =1 or -2,

Q2 (A)(C)

o Z-Z, .
Opposite sides of rhombus are parallel, hence =2——=2 is purely real.

2 3
Diagonals of a rhombus are equal in length and mutually perpendicular, hence

475 purely imaginary &|Z, - Z,|=|Z, - Z,|.

Z,-2,

. . Zl — Z4 Zz — Z4
QS will bisect the angle between PS & RS, hence amp =amp :
Q3 (B),(C)

As the rectangle is of maximum area hence it must be a
square of side length J2.

Now the points on |Z — 3 —4i| = 1 at a distance of J2 N 4
from (4, 4) are (3, 5) & (3, 3).

€15

Q4  (A) (D)

8

Minimum distance between any point on the bigger circle and
any point on the smaller circle will be equal to radius of bigger
circle — diameter of smaller circle i.e. 5. Hence

|Z1 —Zz| =5

min

20

|z|=15
(3.4

Maximum distance between any point on the bigger circle and
any point on the smaller circle will be equal to radius of bigger
circle + diameter of smaller circle i.e. 25. Hence

|Z1 _ZZ|max =25

-10




Q5 (A) (D)
If vertices of an equilateral triangle are Z,,Z, & Z,, then Z?+Z,> + 2, =2,Z, + Z,Z,+ Z,Z, .
Hence 72 + 2% +(1-2)" =-Z* -Z(1-2)+(1-2)Z= 42> -2Z+1=0.

yz=1 1L
..ZZ—Z &[]z 7

Q6 (B). (C)
Let locus of point P with affix Z be C(Z) and points A & B have affixes Z1& Z».

C(Z)'||Z 1|| 3=C(2):(2-2)(2-21)=9(2-2,)(2- Z2).

or C(2):8[2" +(2,-92,)Z+(Z1-9Z2)Z2+9|Z,| -|z,|" = 0.

Hence locus of P is a circle.

Now C(2,)=9(|2,[ ~2,Z1-Z:2, +|2,*) =9(2,~ 2,)(Z1 - Z2) or C(2,) = 9]Z, - Z,[ >0.
Hence A lies outside the locus of P.

Also C(Z,)=-|2,[ -2,Z: - 212, - |2, =—(2,-Z,)(Z1-Z2) or C(Z,)=-[Z, - Z,|" <0.
Hence B lies inside the locus of P.

Q.7 (A) (D)
Let Z = x + yi, then as given L—i&iz—ﬁzxzﬁ.
J3 X
Also L:i&i——\/_: x=2& y=@ hence |Z| =
X+a 3 x- 2 2
Q8 (A)(C)

—i=c053—n+isin3—n:>(—1)”3:cos 2—kn+E +isin &JFE , where k=0,1, 2.
2 2 3 2 3 2

ori,—ﬁ—l&ﬁ—l.
2 2 2 2
Q9 (B). (C)

amp(Z,2,)=0 & |2,Z,|=1=2,7, =1,

Also [Z,]=]Z,|=1= 2, :Zizzz or Z,=Za.
2



Q.10 (B), (C)

‘le - ZZZ‘ = 212 +222 2717, ‘2

:>‘le _222‘ :‘21—22
but | Z| =| Z|, hence |Z, - Z,||Z, + Z,|=|Z, - Z,|

|z Z,| =12, - 2, as Z, = Z,.

Now [Z, + Z,[" =|Z,[" +|Z, +2(2,Z2+ 2,Z1) &2, + Z,| = |2, - Z,|= 2,72+ 2,2, =0

Or é+ é =0 which implies 4 is purely imaginary and arg 4 -
Z, \Z zZ, Z,) 2

Q.11 (A), (C), (D)

Z'=7Zxe* & Z"=7Zxe " =Z'xZ2"=7
Hence Z’, Z & Z” are in G.P.
Clearly Z'+Z"= Z(ei“ +e“°‘) or Z'+Z"=2Zcosa..

Also (Z')2 + (Z")2 =272 (eZi“ + e‘Zi“) or (Z')2 + (Z")2 =2Z7?cos 2.

Q12 (A), (B). (C)
12, +iZ,| <|Z,| +]Z,| = |2, +iZ,| <17.
12, +(1+1)Z,|2||Z,|-[(1+1) Z,| =2, + (1+1) Z,| 213-4V2.

4 <|Z,|+—=3< <5.

4
1Z,| 1Z,]
o L1812 s
Zz+i

ZZ

Q.13 (A). (B), (D)
Z-il2 _m will be a circle for all values of m except m = 2.
Z+1 2

For m = 2 this eq. will represent a straight line.

Q.14 (A), (D)

4
Z,|— < Z, +—
| 2| 2+Z

2

Z, +i
ZZ

The equation arg(Z) :g represents the ray /3y =X .

2
The equation ‘Z—Z\/§i‘ =r represents the circle x? +(y—2J§) =r?.

Solving the two equations simultaneously, we get 4y’ — 4J§y +12-r?=0.



For this equation to have distinct real roots 48—16(12— rz) >00rr’>9.

Hence r>3 &[r]=2.

Q.15 (B). (C)
. 1 =|2,+2,|=|2,-2,|= 2,2+ Z,Z. =0.
ZZ Zl ZZ Zl
Or £+£ =0= 4 is purely imaginary .
ZZ ZZ 2
Hence ZPOQ = g
Triangle OPQ is right angled with PQ as hypotenuse.
Z,+7Z,

Circum center will be midpoint of PQ i.e.

Q.16 (A), (C), (D)

[\ AleO&AACMz%:CA:i

. T
sin =
4

or radius = 5\/5.

< Also coordinates of M are (1, -1).
Now slope of CM is 4/3 and CM = 5.

(5, —4)A" M *B(-3.2)  Coordinates of C will be (1+5x§,—1+5x%) ie. (4,3) or

(1—5x§,—1—5x£j ie (-2,-5).
5 5

Length of arc APB = 5\/§><3?Tc ie. 15—n

2
Q.17 (A), (B), (C), (D)
Let /5-12i =x+iy, then x? —y? =5 & 2xy =-12.
Now x? +y? =\/(x2 —y2)2+4x2y2 =13=x =43 & y=+2, but xy <0, hence +/5—12i =3-2i &—3+2i.
Similarly let V-5-12i = x +iy, then x® —y? =-5 & 2xy=-12.
Now x? +y? =\/(x2 —y2)2+4x2y2 =13=> X =42 & y =13, but xy <0, hence +/5-12i =2—3i &—2+3i.

Now possible values of Z=+/5-12i +v/5-12i =5(1-i), 1+i, —5(1+i) & —1+i.

Possible values of Arg(Z)==,-—,=—,——.



COMPREHENSION TYPE

Paragraph |
Z,+2,[ =z +|z,| +2.2: + 2,Z.
Ql (b
12,+2, =|Z.° +|2,|" = 2,22+ Z,Z1 =0, hence Z,Z- is purely imaginary.
Q2 (b
z, Z

lez + ZZZ =0=> —+£ =0, hence 4 is purely imaginary.
2 L2 Z,

Q3 (o)

As % is purely imaginary therefore i% is purely real.
2 2

Q4 (o)

As % is purely imaginary therefore arg [%) ie arg(Z,)-arg(Z,)= ig.
2

2

Paragraph 11
_. - 2 -
Zzl !S!ne:z: 005_26 B 25|_n? .
1+isin® 1+sin“® 1+sin“0O
Q5 (o
If Z is purely real, then L”f:o = 0=nm
1+sin“0
Q.6 (d)
cos’ 0

If Z is purely imaginary, then =0 = 6=(2n +1)g.

1+sin%0

Q.7 (d)

|Z|=1=> cos* 0 +4sin* 0= (l+sin2 6)2 or cos?0+sin0=1.
Hence Z is unimodular for all real values of 0.

Q8 (d)

T 2sin0
4 cos“ 0

arg(Z) = =tang or sin?0—2sinf—1=0.



Now sin?0—2sin0—1=0 gives eznn+(—1)nsin‘1(1—\/§).

Paragraph 111

4 z—— |z| = |Z]- 2&|z|+—_2
‘ 2 [ | IZI 2]
Now |z|+

7 2:>|Z| —2|Z|+4 >0, which is true for all |Z|.

Similarly — 2<|Z|——< 2=z +2|Z-4>0 & |7 -2|Z]-4<0.

12
Q9 (@
J5-1<|Z| <5 +1.

Hence the difference in least & the greatest values of |Z] is 2.

Q.10 (b)

4 6 7z ,Z s 2 7
‘z——‘=2:>|z|2 + 4244 | |Z]-= | 455 -4544=0

z zZr z z 2) 1zt 1

? 2 2 2Re(Z?
But for greatest & least |Z], [|Z| |Z|j ‘Z—% .Hence|§7+|§7=2i.e. |ZT2 ):2.
or Re(ZZ):|Z|2:c0329=10rO:n&o.
Now arg[%}:arg(Zl)—arg(ZZ):n.
2

Q11 (b)
2-2)|=|z-Z,|=|z- (VB +1)| |z~ (vB-1).

Hence locus of Z will be the line passing through (\/50) and parallel to the Imaginary axis.

Paragraph IV

I 1
0-=
Y c. Let Z = x + iy so that P(Z) be (x, y), then L1=—12 or x+y=1.
172 X —
\2 1-=
M 2
3 s Now pu=2Z%+1=x%*—y?+2ixy.
0.0 (L0)
Q.12 (a)

n=h+ki, then Z+1=h+ki=x*-y?=h-12xy =k & x+y=1=x*+y* =1-k.



Now 2x? =h—-k &2y? =2—-h -k

- 4x%y? =k? = (h-k)(2-h-k)=k? or (h-1)’ :—Z(k—%j

Hence locus of () is the parabola(x —1)2 = —Z(y—%j :

Q.13 (o)

Locus of m is(x—l)2 = —Z(y—%) ,whose axisisx=1ie Z+Z=2.

Q.14 (b)

Locus of m is(x —1)2 = —Z(y—%j , whose directricsisy=1i.e. Z-Z=2i.

ASSERTION REASONING TYPE
Ql (A

Greatest possible value of principal argument of any complex number is =, hence
arg(Z,Z,)=2n= Arg(Z,)=Arg(Z,)=m.

Hence both the statements are true & statement 2 is the correct explanation of statement I.
Q2 (C)

3, if n=3m .
Standard concept : 1+ " + »*" = _, hence statement 2 is false.
0, otherwise

Now P(x)=x*+x*+x = x(1+x+x2): X(X—(D)(X—(Dz), hence roots of P(x)are 0,0 & »’.
Now let Q(x) =(1+x)" —=1-x", then

Q(0)=(1+0)" -1-0" or Q(0)= (o) ~1-o".

As n is odd integer & not a multiple of 3, hence Q () = —(1+ o" +oo2“):O.

Similarly Q(’)=0 & Q(0)=0.

Hence P(x) divides Q(x) and statement 1 is true.

Q3 (D)

Now 2, £ Z,[" =|Z,[" +|Z,[ +2(2,Z:+ 2,21) &|2,+ Z,|= |2, - Z,| = 2,72+ 2,Z: =0

Or é+ é =0 which implies 4 is purely imaginary and arg 4 ..
Z, \Z2 Z, Z, 2

Hence the triangle AOB is right angled at O.



Now the point P(Zl ; sz is midpoint of AB, hence its circumcenter.

Q4 (D)

Statement 2 is a standard property of an ellipse.

Equation of an ellipse having S(Z,)&S'(Z,) as foci and major axis = 2a is
1Z-2|+|2-2,|=2a.

But for the given equation distance between (1, 0) & (8, 0) is more than 5, but in ellipse distance
between foci is less than the major axis.
Statement 1 is false.

Q5 (A
If 1,o,a?,...,0"" represent n roots of unity, then product of these is 1, hence statement 2 is
true.
N .
Similarly if Zz(e"*) 5, then Z° =e3*. Let Z, denote roots of Z for k=0,1,2,3,4, then

2kn+30ci Lmi 3£i 27k1ti
Z,=e > orZ=e?® e>  wheree 5 denotesb5 roots of unity.

4 4 2km, 4 3o 4 )
Now [ [ Z, =£He 5 '](He 5 I] = [ [Z, =™ ie. cos3a+isin3a..
k=0 k=0

k=0 k=0
Hence both the statements are true & statement 2 is the correct explanation of statement

MATRIX MATCH TYPE
Q1 (A)=>(5).(B)~>(r).(€)~>(p).(D)—>(q)

A Z'=1= Z:cos%ﬂsin% for k=0,1,2,3.
2k +1 2k +1

| z :—1:Z:cos%+isin% for k=0,1,2,3.
4k +1 4k +1

(C) Z4:i:Z:cos%+isin%fm k=0,12,3.

(D) Z4z—i:Z:cos@+isin@for k=0,1,2,3.

Q2 (A)—(a).(8)>(5).(€)~>(p).(D) ()

(A)  P(Z) lies on perpendicular bisector of line segment joining A(1,0)&B(0,1).



(B) ‘Z+Z‘+‘Z—Z‘:2:>|x|+|y|:1, where Z = X +iy.
(C) ‘Z+Z‘:‘Z—Z‘:|x|:|y|, where Z = X +1y.

2X 2k
2 2&k=_ 2 2"
X"+Yy X" +y

But |Z]=1= x*+y* =1, hence h® +k* =4.

Q3 (A)=>(p).(r):(B)=(p).(a).(r).(1):(€) > (P).(r).():(D) > (p).().(r).(s).(t)

Let Z,,Z,,Z, & Z, represent the points A,B,C &D.

(D) LetZ=x+iy&%=h+ik,then h=

Zi+Z, Z,+Z,
2
This property is true in case of a parallelogram, a rhombus, a rectangle or a square.

(p) 2,-72,=2,-2,= , hence AC & BD i.e. diagonals bisect each other.

(@ |Z,-Zs|=|Z,-Z,]= AC = BD i.e. Diagonals are of equal length.
This property is true in case of a rectangle or a square.

Zs - Z4 3 4
This property is true in case of a parallelogram, a rhombus, a rectangle or a square.

(9] L-% is purely real hence arg [%j =0 or n. Hence AB || CD.

(s) 4L=Zs g purely imaginary hence arg 472 |_4™ Hence ACL BD.
Z,-2, Z,-2,) 2

This property is true in case ofa rhombus or a square.

() 42 is purely imaginary hence arg [ﬁ]:i . Hence AB L BC.

ZS - ZZ ZS - ZZ
This property is true in case ofa rectangle or a square.

Q4 (A)=(a).(r):(B)=>(p).(s):(C)=>(a).(s):(D) = (p).(r)
@ Z°-Z+1=0

jzzli\/1—4 :1iJ§|

2 2

r
2

T —Tt
—=Hence — or —
3 3

(b)y Z*+Z+1=0




2n 2%
= Hence, —or

© z-

:(DZ
2

=/Z=00r Z=—o

2n -7
= or —
3
(d) Zzz_lzlﬁzw:mxmszof

= Hence, principle values of arg (Z) are —2n or g



Complex Numbers
Exercise — 2(C)

Q1

Let Z=x+ly,
then equation of line becomes x+y =k & equation of circle becomes x? +y* —2x —4y-13=0.
Now center of the circle is (1,2) &radius =32.

1+2-Kk

NA

As the line is a secant hence

‘<3J§or|k—3|<6.

Hence —-3<k <9.

Q.2
If Z,,Z, &Z, form an equilateral triangle, then Z*+Z,*+Z,* =2,Z,+Z,Z,+Z,Z,.
Now Z, =a+i,Z,=1+bi & Z; =0

=a’-1+2ai+1-b°+2bi=a—b+(1+ab)i

Ora*-b*=a-b & 2a+2b=1+ab.

Hencea+b=1ora=h.

(i)a+b=1gives ab=1, hence a’ —a+1=0, which doesnt have real roots.

(ii)a=b gives a® —4a+1=0, hence a=b:2—J§(as a&b<1)
Now & +b? =2(2-3) =14-83.
As 0<14—-8+/3 <1, hence [az +b2]:0.

Q.3

Z=

\/5)2—| or Z=iow’=2Z2>=—-i & Z?=-w, where ® & o»*are complex cube roots of unity.
Now Z* =Z*¥xZ? =i & i* =i xi® =i
(295 i )94 _ o (03+1)94 BRPL
94
(2 ) = o

Now Z" =i"®>", hence least possible value of n is 10.

Q.4



| Z—25i|<15= P(Z) lies on a circle of radius 15
& having center at (0,25).
~Z Let Max.Arg(Z)= o & Min.Arg(Z)=p, then clearly
tana &tan will be slopes of tangents to this circle from O.

As shown in figure sin(90—a)= % or cosa :gz o= coslg.

Similarly sin(B—QO):g or cosﬁz—gjﬁzn—cos‘lg.

N0W|[3—a|:n—2cos‘1§:2cos‘1g.
Q.5
Let Z; =cos 6, +isin6, (where 6; =a,B,v), then as given Z, +Z, +Z, =0.
=272°+2,°+22=322,7,
= c0s 30 +C0s3B +cos3y =3cos(a+B+7v), hence L =1.

Q.6
B(Z,)
C(z;) A(Zy)
od
0(Z,)
D[Z4| P(Z J
E(Z;)
As Z,,Z, & Z;,, form an equilateral triangle hence
Z2+2°+2,,>=2,Z,+2,Z,,, +Z,Z; ,. Hence
6 6
Z‘,(Zo2 + Zi2 + Zi+12) = Z(Zozi P AVARE ZiZi+1)7

i=1
where Z, =7,.

6
=6Z,°+2). 2% =

i=1
6

27

i=1

6
22, .Z,

i=1

6

Also Z, = i=16 = > 72 =327.

i=1



Q.7

sin 2qn —icos an —i| cos —— 2qn +isin—— 2qn . But cos —— 2qm +|s|nZi
11 11 11 11 11 11

10
gives 11th cube roots of unity, hence Z(cos%ﬂsin %j =0.
q=0

10 10
Now Z(sin 21q11t —icos 21q1nj - (—i)Z(coszlq—stin %)

i=1
10

. 2qm 2qm ) .
9) ok LA = + _
r (sm |cos j i— |_§ (cos isin T

i=1

Now i(%ﬂ)[i(sm 21q1 ~icos 21q1nj] i(3|0+2)ip

p=1 i=1 p=1
Let S=5i+8i%+11i* +...+98i*, then
iS=  5i%+ 8i°+...+95i*% +98i*

(1-i)S=5i+3i* +3i° +...3i% - 98i*

_ogi 3i(1-i* —96i(1+i
ors=_0!, ( 2)332M=48—48i, hence a+b =0.
1-i (l—i) 2

Q.8
2°+2°+Z2'+2°+ 22 +Z+1=0=>2"-1=0,Z 1.
Hence Z;,i=12,...,6 are 7th roots of unity except 1 itself.

7 ifr=7k 6 6
{ ,hence 7°=0& > 7" =7

6
Now » 7=
2% 0 otherwise — =

i=0
: 5 : 14
:»_Z;zi =_1&Z£Zi =6
1= 1=

6
Also from the given equation [ [ Z; =1.
i=1

6 6 6
Now > Z°+ > Z* -]z =-1+6-1=4.

i=1 i=1 i=1
0.9
|z|—i < z—ﬂ = 7| 4 <3
2| z 2|
= -3< z|—i£3
2|

forg=0,1,2,...



= |z|2—3|z|—4sO & |z|2+3|z|—420
=1<|z|<4
Q.10

vl :343:>(z—7)(zz+7z+49) 0

Hence 22 +7z2+49=2°+az+b

=a=7,b=49

:>7a+b=7
14

Q.11

2-4|=|z-8|=(z-4)(z-4)=(z-8)(z-8)
—z+2=12=>Re(z)=6

Let z=6+ai

Now 3|z 12| = 5|z - 8i| = 3ai — 6| = 5|6+ (a—8)i|
= 9(a’ +36)=25(a® ~16a +100)
—a’-25a+136=0

=a=817
Hence Im(z)=8
Q.12

Leta=a,+a,i & b=Db, +b,i

f(z)=(4+i)z"+(a, +a,i)z+b, +b,i

f(1)=a,+a,i+b, +b,i+(4+i)

f(i)=ai—a,+b, +b,i—(4+i)

f(1)=f(1)=a,+a,i+b, +b,i+(4+i)=a,-a,i+b,—b,i+(4-i)
=a,+b,=-1..(i)
f(i)=F(i)=ai-a,+b,+b,i—(4+i)=—ai-a,+b, —b,i—(4-i)
=a,+b,=1..(i)

=a,’+a,’ =2+2b,’

= [a|+|b| =\/2(1+ b22)+\/b12 +b,?

= la|+[b| > 2




Q.13

z*+a,2° +a,2° +a,z+a, =0 ...(i)
—4 -3 -2 -

=7 +a,Z +a,Z +a,z+a,=0

If z is purely imaginary, then z =z

=z'-az’+a,z2* —a,z+a, =0 ..(ii)

From (i) & (ii)

z*+a,2°+a,=0& a2’ +a,=0

2
a a
=| 2| -a,] 2 |+a,=0
al al

a, aa
N T L7
alaZ a2a3

Q.14
2 +(W)7 =0 & 2°w" =1= |7| =|w|=1
Now Zz° +(W)7 =0=272’w’ =-1

Further Z’w’ =-1 & z°w* =1

=z=W=Fi

Hence (z,w) = (i,i) or (—i,—i)
Q.15

22z 2

+—2 4+ 11=0=>2+2}+25-32,2,2, =—42,2,7,
ZZZS ZIZS 2122

= (2,+2,+2,)(2° +2,° +2 — 2,2, - 2,2, - 2,2, ) = —42,2,72,

3
=(2,+2,+2;) -3(2,+2,+2,)(2,2, + 2,2, + 2,2, )+ 42,2,2, =0
Letz=2,+z,+z,, then

2’ -32(2,2,+2,2,+2,2,)+42,2,2, =0

=7°=27,2, 32(i+i+iJ—4
Zl ZZ 23

=7°= Z,Z2,Z, {32 (El +Ez +23)—4}
= |z[ =3|z| —4

=z|=12



Complex Numbers

Exercise — 3

Q.1
X+1=+2i = (x+1)" =4 Or x* +4x° +6x +4x+9=12.
Q.2

1+i
a=-—— =a’=i hencea® +a*+a%?+1=i®+i* +i?+1=0.

J2
Q.3

Let Z, =a+i&Z, =b+i, then (1+a2)(1+b2)=|z 2 Z, 7
= (1+2%)(1+b%)=(2,21)(2,2Z2) = (2,22 )(2, zl)
:>(1+a2)(1+b2) (ab+1+(b-a)i)(ab+1-(b-a)i)

Or (1+a2)(1+b2) (ab+1) +(b- a)2

Q.4

Let </7—24i =a+bi, then 7—24i =a? —b? + 2abi
=a’-b* =7 & 2ab=-24

Now (a2+b2)2 :(az—b2)2+4a2b2 =a’+b’=

From a®+b?=25& a®-b*=7, we get a®> =16 & b? =9.

Asab <0, hencea=4&b=-30ra=-4&b=3.
Required square roots are 4—3i & —4+3i.

Q5

le3i:>arg(Zl)=g &Z,=-1-i=arg(Z,)=—".

Now arg[

Z 5
Z_lj =arg(z,)—arg(Z,)= Tn

2

Now %ﬂ is an angle in third quadrant, hence principal argument will be —3—n.



Q.6

Let Z=x+vYi, then Z?+|Z|=0=x? —y? +{x* +y? + 2ixy =0, hence xy =0 & x* —y? +/x? +y? =0.
y=0=| x| =-x?, which is not possible as x € R and x =0 has already been considered.
x=0=|y|=y?* =>y=-11orO0.

Required solution set is Z=0,—i,i.

Q.7
Let Z=x+Yi, then Z2+Z=0=> x> —y* + x+(2xy-y)i=0
Hence 2xy -y =0 & x?-y?+x =0.

y=0= x?+x =0, which gives x =0,-1

x=1= y? =3 which gives y———3 v3
2 4’ 22
Required solution set is Z:O,—l,l_\/§I ,1+;/§'.

Q.8

—\2
Let Z=x+yi, then Z? :(iZ) = X2 —y? +2xyi = y* —x? + 2xyi

Hence x> —y?*=0=Xx=y or Xx=-Y.
Hence Z=x+xi or X —Xi.

Q.9
Let Z=x+yi, then |Z+1 = Z+2+2i = |(x+1)° +y? = (x+2) +(y +2)i
Hence \/(x+1)° +y? = (x+2) & y+2=0.

y =-2 gives (x+2)‘2—(x+1)2 :4:>x:%.

Required solution is Z:%—Zi.

Q.10
Let Z=Xx+Vi, then iZ=2Z% = y+xi=x?—y? + 2xyi, hence x> —y? =y & 2xy = X.
2xy=X=>x=0o0r y:%. Now y:%givesx:ig&x:o gives y?=-yie y=-1.

1+3

Required solutions are Z = —i, >



Q.11

Let Z =X +Yi, then 2|Z|2 +27% -5+/3i = 3x% + y? + 2xyi =5 /3i
Hence 3x% +y? =5 & 2xy = —/3.
Now (3x2 —y2)2 = (3x2 +y2)2 —12x%y* = 3x?—y? =4 or 4.

J3-i
2

3x% +y? =5 & 3x? —y? = 4 gives xzzg&yZ:%:Z:i (as xy <0)

9 1-33

. 1
X2 +y? =5& 3’ -y’ =—4gives X’ ==&y === Z=+ as xy <0).
y y g &y =2 5 (@ xy<0)

Q.12
(i) Let A(—6,0)&B(0,-4) be two points on argand plane & P(Z) be a moving a point.
Now |Z+6| = PA & |Z+4i|=PB.

Z+6| 5 PA 5 , ,
-|=—=——=—, hence P will trace a circle.
Z+4i 3

3 PB

(i) Let A(-2,0)&B(—4,0) be two points on argand plane & P(Z) be a moving a point.
Now |Z+2| = PA &|Z+4|=PB.

‘Z+2
Z+4

=1= PA =PB, hence P will trace a straight line.

Q.13
Let Z=x+yi, then Z+¢|Z+1+i=0=> x+iy+cy(x+1)° +y? +i=0

Hence cy/(x +1)* +y? =—x & y=-1. Now y =1 gives c?(x +1)* =x? —c?

—c2+42¢2-c*

or(cz—l)x2+202x+202:0:x: 71 ,Where 1< ¢ <+/2. For ¢ =1, we get x =-1.
C —
2 4 [oe? _ ot

Hence Z = ¢ _2201 ¢ —iforl<c<+2 & Z=-1—ifor c=1.

C —
Q.14
Let Z=xX+Vi, then Z2 =Z = x? —y? + 2xyi = x —iy. Hence x? —y? =x & 2xy =-V.
Now y =0 gives x:O&l&x:—%givesy:ig

1+ i
Hence 70, 1, V31

2



Q.15

(32—6—3ij T (Z—Z—ij T
ag| ——— |=—=ag| — |=—
2Z-8-61) 4 Z-4-3i) 4
Now let A(2,1)&B(4,3) be two fixed point & P(Z), then

Z—-4-3i
As AB subtends a constant acute angle at P, hence locus of P will be
major arc of a circle passing through A & B.

Q.16
|Z+6|:|22+3|:>(x+6)2+y2 = (2x+3)° +4y? or x®+y?=9.

arg (ﬁj =angle between PA & PB.

Q.17

Let Z=cosa +isina, then ZZ+Z:c032a+cosoc+i(sin 20.—sina)

orz?+7= 20053—()L(cosg+ising
2 2 2

Now arg(Z2 +Z) = :%arg(z).

N R

Q.18

n

(i) [J(a, +ib,) =x+iy :ﬁ|ar+ibr|2=X2+y2 or ﬁ(ar2+br2)zxz+y2.
r=1 r=1

r=1

(ii) arg {ﬁ(ar +ibr)}: Sarg(a, +ib, )= %tan-l[ﬁ} tan-lg].

r= r=1 r

Q.19

1 1 1
Z Z

1 2 Zn

1 1 1
— .t
Z, Z, z

Now |Z, +Z, +...+ Z,|=

n
Q.20

iZ2°+2°-Z+i=0=(iZ+1)(Z2 +i)=0

Hence Z =i, +v-i =|Z|=1.



Q.21
Let affixes of the points P,Q&O on argand plane be Z,,Z, &0.

Now |Z, +Z,|* =|Z,[ +|Z,[° +2cos6, where 6 = /POQ = arg (@J _arg (éj
0Q Z,

Clearly if [Z, + Z,[* =|Z,* +|Z,|°, then 6= g

Q.22
2+ 2, =|2,+ Z,|[Zs+ Z2| =|Z,[ +|2,[ + 2,22+ 217, &

2-2,[ =|2,-Z,|[zs- Zo| = |2, +|2,[ - 2.2. - 2.2,

= |2, +2,[ +|Z,- 2, =2|z.[ +2|Z,[.

Q.23

By |2, - Z,[* =|Z." +|2," - 2.2. - 217,,

1-Z2iz,[ =1+[2:2,[ ~2,2.-Z:iZ, ot p-Z:z,| =1+|2.f |2,[ 2.2, - Z:2,
Now [1-Z:Z,| -2, ~ 2, =1+[z,'[2,] ~[z[ ~|z,[

=[-27,[ -2~ 7] =(1-1 )(1- |z, )

Q.24

iZ+3-5i|=|Z—-5-3i|, Now using |Z, + Z,| <|Z,|+|Z,| we get
|2-5-3i|<|Z—1+|4+3i|=|Z-5-3i[<8.

Q.25
(1+1)Z° +iZ| <|2°+[i2°|+ iz| = |(1+1) Z° +iZ| < 2|2 +|2
Now |Z| <%:>‘(1+i)23 +iZ <%

Q.26

22 +aZ+P=0..(1)=>Z +aZ+B=0.
As Zis real, Z=Z, hence Z? +aZ+B =0...(ii)



Applying the condition of common root on (i)&(ii) gives
_ 2 _
(5-o)(aBp)= (p-f) or =1 +<B‘§))+Bo.

(a—&)z (OL—OC

Q.27

3.2

2
22+aZ+b:o:»(Z+3j _2 p
2) "4

2
. a
Clearly if I_b >0, then Z must be real, hence for nonreal complex roots a’ < 4b.

Q.28

By properties of modulus, |Z|- = < = |Z]+ |Z|—é <2

‘ Z+ L i|zz &

4

Now first inequality is by itself true as |Z|+| Z >2 /|Z|Xé by AM.>G.M.

2]

|z|—i‘s2 = -2<f7- L <2
2 2

(i )|z|——<2 = |z -2|z]-1<00r |Z] <1++2.

|z I_
7 |_ 2=z +2|Z-1200r [Z]2V2 -1.
Hence +/2-1<|Z|<1++2.

Q.29

Im-Axis

(ii) |Z]-

10

8




Q.30

x2—2x+1:—3:>(x—1)2 —J3ior x=1+/3i.

in
Hence x = 2¢ 2, which implies Z," =2" (cosn—;Jrisin n—;j &2z, =2" (cosn—n—isin E]
Now Z," +Z," =2" (2003”—;)
Q.31

Let A & B be the points (-1,0) &(1,0) & P(Z) be a moving point, then
Z+1] +|Z+1° =22 = PA? + PB? = AB.
Hence P lies on the circle having AB as diameter.

Q.32

3 3
Let Z, =cos6, +isin6,, then Zcosek :0:ZSin6k =27, +Z,+2Z,=0.
k=1 k=1

(1) Z,+Z,+2,=0= 22+ 2,2+ 2 = (Z,+ Z,+ Z,)* = 2(Z,Z, + Z,Z5 + Z,Z,)-

1 1 1
Now Z,Z, +Z,Z, + Z,Z, = Z,Z,Z, [Z+ z* Z_gj

o 22,+2,2,+ 2,7, = 2,7,Z, (Z +2Z> +23) =0as |Z,|=1and hence Zx = L
k
3
= Z’+2Z,°+Z; =00r ) (cos20, +isin20,)=0.
k=1
Hence cos 26, + cos 20, +c0s 26, = 0 =sin 26, +sin 20, +sin 26,
(i) Z,+Z2,+2,=0=>2°+7,°+2,° =32,2,Z,.
3

- Y (c0s36, +isin36, ) =3c0s (0, +6, +0;)+3isin (6, +6, +6;)
k=1

Hence cos 36, +c0s 36, +c0s 30, =3cos (0, +6, +6;)

Q.33

Letl+l 1 1 2 1 1 1 1

+ + =—,then =—+=—+=——+=——=
Z+a Z+b Z+c Z+d Z Z+a Z+b Z+c Z+d

Clearly if o is a root, then o i.e. ®® must also be a root as a,b,c,d e R.
1 1 1 1 2
+ - +

o =— (i
a+o’ b+’ c+o’® d+w’ o’ ()

2
Z




Now (Z+b)(Z+c)(Z+d)Z+(Z+a)(Z+c)(Z+d)Z+(Z+a)(Z+b)(Z+d)Z
+(Z+a)(Z+b)(Z+c)Z=2(Z+a)(Z+b)(Z+c)(Z+d)
or 2Z* +(a+b+c+d)Zz®—(abc+bcd +cda +dab) Z—2abed =0

Let the roots be o, w?,a &P, then
0.0’ +0’a+op+oa+op+o’p=0=1+af-o—p=0.
Hence 1 must also be a root (let p=1).
1 1 1 1

+ + -+

a+l b+1 c+1 d+1
Further o.0%.a.p = —abcd = a = —abcd
&m+m2+a+ﬁz_wja:_w

2 2

S.a+b+c+d=2abed ...(iii)

=2 ..(iv)

B abc + bed +cda +dab

Lastly o.0?.0+o?.op+op.o+poo’ = >

Q.34

()

(1+x)" =a, +a;x +a,x* +a,x> +... +a,x", then by substituting i & —i,
(1+i)" =ag+aji—a, —azi+a, +asi—ag—as;i+ ...

(1-i)" =a,—a,i—a, +ai+a, —agi—ag+as;i+...

Adding the two gives 2(a, —a, +a, —as+... )=(1+i)" +(1-i)".

Now 1+i:\/§(cos%+isin§j:>(l+i)”+(1—i)" :2(\/5)” cos%n.
Hence a, —a, +a, —as + ... =2"2cos "~
(i)
(1+
(1
(

1-i

X)" =ay+ax+a,x> +ax>+ ... +a,x", then by substituting i & —i,

n

+

=a

)
)n

= abc+bcd+cda+dab=2 (||)



n

Subtracting the two gives 2i(a, —a;+as—a, +...)=(1+i)" +(1-i)".
Now 1+i= \/i(cosgﬂsin%j: (1+i)" - (1-i)" = 2(\/§)n isin %ﬁ

. nm
Hence a, —a; +as —a, +...=2"%sin—.

(iii)
Now (8, —8, +8, —8+... ) +(a —az +a5 -2, +...)

(iv)

(1+x)" =a, +a;x+a,x* +a,x> + ... +a,x", then by substituting 1, o & o?,

2_on

n
2" =aj+a +a,+ag+ ...
(1+ )" =ay+a,0+8,0° +a;+8,0+a;0° +a+ . ..
2\" 2 2
(1+co) =a,+a,0" +a,0+a; +a,0" +ago+ag+...
: : : n 2\" n
Adding the three relations gives 3(a,+a; +a+...)=2" +(-0’) +(-o)

NOW — = cos~—isin = :>(—w2)n +(-)" = 2c0sF.
3 3 3

2”+2cos@
3

Hence aj +a;+ag+...= 3

Q.35

Required area is area of shaded sector as shown in the figure.

Area of sector of angle g of circle of radius 4 will be %ﬁ

: —— Area of sector of angle g of circle of radius 1 will be %

. 4t 7w . brn
Hence required area = — —— i.e. —.
3 12 4




Q.36

2,-2,[ =2, +|2,| -(2.Z2+ 2,2,)

or|Z,-Z,|" =|z.* +|Z,|° - 2|2,||Z,|cos 6, where 6 =arg(Z,)-arg(Z,)
=2, 7] =|z[ +|z,[ -2|Z)||Z,|+2|2,||Z, (1~ cos6)

= (20~ 2, = (24| -1Z,|) + 4[2,]|2,sin® g

2
Now |sin 6] < |6 = sin? g < % hence

2,-2,f S(|Zl|_|zz|)2 +6 or |2,-2,[ < (|Zl|_|zz|)2 +(arg(Zl)—arg(Zz))2.
Q.37

7' +42°+11=0= 2" +42°|=11.

But 2] - 42| < [27 +42°|<|2f +4[2f or |2 +4[z] 211 & |2 - 4]z |<11.
Now if |Z| <1, then |Z|7 +4|Z|3 <5, hence for all Z, |Z|>1

& if |Z|> 2, then ‘|Z|7 - 4|Z|3‘§11 is invalid, hence for all Z, |Z|<2.

All 7 roots of given equation lie in 1<|Z|<2.

Q.38

Let Z, =cosA+isinA,Z, =cosB+isinB & Z, =cosC+isinC, then

33 3 33

3 . .
ZCOSA:_E & ZsmA:T:>21+22+Z3 =St
NOW |Z, + Z, + Z5| <|Z,|+|Z,|+|Zs| = |2, + Z, + Z,| < 3.

But |Z,+Z,+Z,|= %+27r7 =3.

Hence A:B:C:Z—;E oo tan A+tan B+tanC:—3J§.

Q.39
z° —1:(Z—1)(Z4 +2Z%+ 277 +Z+1), where o, a.,, 05, 0, are the roots of

Z*+7°+7%+Z+1=0. Now by factor theorem
(Z-0)(Z-0y)(Z-0y)(Z-0y)=Z"+Z° +Z* + Z+1



Substituting Z = o gives

(oa—ocl)(oa—ocl)(oa—ocl)(oa—al) =o'+’ +o’ +o+l= -0
similarly Substituting Z = »® gives

(032 —al)(co2 —ocl)((oz —ocl)(oaz —al) =0’ +0’+o'+o’ +1=—o.

(0—ay)(0—0y)(0—0y)(0—oy)

(07 =a) (0~ (07— a) (0" —a)

Hence

Q.40
Let o be a real root of (1+2i)a®—2(3+i)a® +(5-4i)a+2a*=0 ...(i)
Taking conjugate gives (1-2i)o’ —2(3—i)a’ +(5+4i)a+2a° =0 ...(ii)
Adding (i) &(ii) gives o’ —6a” +5a.+2a° =0 ...(iii)

Subtracting (ii) from (i) gives 2a® — 20 —4a. =0 ...(iv)

Or 20(0® —0—2) =0 gives @ =0,-1.2

For these values of a, from (iii) we get a=0,+/6 & ++/3,

Q.41

. 2, 2
Z|+|Z, )=+ =5 =2+ 2, + =2 2+ 2
(2 ) 2% 2l
: 2, [z

Z|+|Z, —2 Z+Z Z
R P R
NOWH +H =|Z,+Z,|, hence
()2 B2z

2l

Q.42

[2-Y=[z-|Z+|z]-1=[z-Y<|Z-Y+[z-[Z|

=2-y<|z]-4+|Z]

|E_1

Z




Now let E=cose+isin 0, then E—1:cos(9—1+isin6 or E—1=2$ing(—sing+icosgj.

17 1 17
Hence E—1 = Zsing.
1 2
Now for [sin 6] < 0] = Zsing <0, therefore|Z -1/ < |-1|+|Z||6| or |z-1 <|Z|-1+|Z]|[arg (Z)|-

Q.43

CL-D

— g4(0,-4)

The line (2+i)Z+(2-i)Z=0&iZ-iZ=4,

in X —y coordinates are

(2+i)(x+iy)+(2-i)(x—iy)=0 & i(x+iy)—i(x—iy) =4
ie. 2x-y=0& y=-2.

Point of intersection : (-1,-2)

Also the first line passes through (0,0) &

image of (0,0)in y=-2is (0,-4).

Hence refleted line will be the line joining (0,—4)&(-1,-2)ie. y+2x+4=0
Z Z+Z
_+_

Z+7Z Z-Z Z-Z

Now put X = &Yy =——-10 get +2 4=0
2i 2i

or (2—i)Z+(2+i)Z=8.

Q.44

Equation of AB, =—— =—— & that of CD, =——==——.



Q.45
‘Z+3—\/§i‘ =3 represents the circle

having center at(—3, \/5)& radius = /3. 1

Let P(Z) be any point on this circle,
then least arg(z) =6, where tan6 is slope

of that tangent from the origin to this circle N z
which makes smallest angle with
positive direction of real axis. B !

OA =23 & AB =4/3, hence6=a=g S

& hence least arg(Z) :E+g or %ﬁ

2in
Also |Z| =length of tangent to this circle from origin i.e. ‘3—«/§i‘—\/§ or 3. Hence Z=3e 3

Q.46

sinwzsin[n—M) &S n7—n:1
14 14 14

2r-1 o (2r-1
gives Hsm( )" —sin? Esin? 3gin2 2 o Hsmwzcoszﬁcos 2% 052 3T
2 14 14> 14 14 L 14 707 7



85|n COoS — cos 2ncos47T
2r-1 B et
Now [Tsin PN | 777 "7 77
r=1 14 85inE
7
sin 8n 2
I 2r—1 B
:Hsin( L 7|1
T 14 gsin * 64
Alternately
T 27

Let Z=cosO+isino, for 0=—, —&— then Z7 =1.
7 7 7
Or (2-1)(2°+2°+Z2'+Z° +Z* +Z+1)=0.

Now roots of Z6+Z5+Z*+Z3+Z2+Z+1=0are Z=e" for == 2_n4_n6_n8_n10n

Dividing by Z* gives Z° +% +27° +Zi+Z+ ;+1 0, roots of which are 6=

\ll:x
~|

Now 2c0s30+2¢0s20+2cos0+1=0 or 8cos®0+4cos®>0—4cos0—1=0.

Hence cos? = cos? Ecosz ar_ i.
7 7 7 064

Q.47

Let Z=cosO+isin6, then > cos(r6)= Re(ZZ’)

r=0 r=0

i §
Z +ZZ n z1 72"
Ochos re)=0—10 =2 % cos(rp)= N
- 2 - z-1  Zz-1

n n, 7" n+1__“+1_ >
SZZCOS(FG):Z +7Z -7 Z_ Z—-7+2
pr 2-72-7

n - —
:Zcos(re)zcosne cos(n+1)0 cose+1l
r=0 2—2c0s0



0 (2n+1)6

n sin——sin
= > cos(ro)= 2 5 2
r=0 2sin—
2
Q.48

3 3
Let Z, =cos6, +isin®,, then D cosB, =0=">sin6, = Z,+Z,+Z,=0.
k=1 k=1

Now Z, +Z,+Z,=0=2>+2,*+2.>=32,2,Z,.
3

o > (c0s30, +isin30, ) =3cos (6, +0, +05)+3isin (6, + 6, +6,)
k=1
Hence cos36, +0s 36, + 0530, = 3cos (6, +6, +6;)

& sin30, +sin 30, +sin30, =3sin (6, +0, +6,), where 6, = a,0, =PB,6, = .

Q.49
Q(z,) 1
As /PQR :LPRQ:E(n—a), hence PQ = PR
ie.|Z,-7Z|=|Z,-2,.
N Z,-7, .
Now by Coni's theorem =cosoa +isina.
p(z)“ R(Z:) 3= 4
z,-7 z,-2.Y (z,-2
Or =2 ZL_cosa=isina = | =2—"L| —2| =21 \cosa +cos’ o =—sin a.
Z3_Zl Z3_Zl Z3_Zl

=(2,-2,)-2(2,-2,)(Zs-2,)cosa. =(Zy - 2, =(Z5-Z,)* =4(Zy— Z,)(Z, - Z, )sin> =.
Q.50

PA =2PB = |Z~6i| =2|Z -3 or (Z-6i)(Z+6i)=4(Z2-3)(Z-3)
=Z2Z=(4+2i)Z+(4-2)Z ..(i)

Now Let Z=x+1y, then (|) gives x* +y? —8x —4y =0, which represents a circle.

Q.51

1-2.7Z |z~ 2, =(1-2,2:)(1- 22,)~(2,-2,)(2:- Z2).



=1+[Z[ |2, -2 - |z,

= (112, )(1-|z.f)

Q.52
—a_d+—§_g:0&b_d+9_9:0:>c_d+§_9:0.
b-c b-c c—-a c-a a-b a-b
Q.53

As given o is n™ root of unity for k=0,1,2,...,n—1, hence
(2-1)(Z-a)(z-0?)...(2-a"")=2"-1
OrIn(Z-1)+In(Z-a)+In(Z-a’)+ ... +In(Z-a"*)=In(Z"-1).

Differentiating w.r.to Z gives

1 1 1 1 nz"t

+ + S+t =

Z-1 Z-a Z-a Z—a Z -1
Hence 1 + 1 1 + 1 =0=2z"1=0.

+ T
Z-1 Z-o Z-0? Z-ao"?

Q.54

Let Z, =cosa+isina,Z, =cosB+isinP & Z, =cosy+isiny, then
Z,+2,2,+2,2,Z, =0.

Or 2,(142,+2,Z;)=0=>1+2,+Z,Z, =0.

= cosp+cos(B+y)=—1=sinp+sin(B+y)

Square and add to get

2cosBcos(B+v)+2sinpsin(B+y)=—1or cosy :—%.

Hence [3:3/:2—:;t and tangzﬁ&tany:—\/i

Q.55

Let P =sin1°sin2°sin3° ...sin89°

sin(90—-0) =cos0 =P = (sinl0 sin2° .. .sin 44°)sin 45° (cos 44° ... cos2° cosl°)

Also P = (sin1° sin3°sin5°...sin 89°)(sin 2°sin4°sin 6°...sin 900)



Or 2%p :i(sin 2°sin4°sin6° . .. sin88°).
J2
Hence P :(sin1°sin 3sin 5°...sin89°)244\/§P or sin1°sin3°sin5°...sin89° = 2441\/5.

Alternately

) 1/90 (2k+1) i 44 (2k+l) i
-1=e"=(-1)" =e ® Vk=012..,89=Z"+1=]]|Z-e @
k=0

45 (2kl)z (179-2K)x.
Now multiplying conjugate pairs gives, Z* +1=]]| z* —[e 0 4e 0 JZ+1
k=0

k=0 k=0 90

45 45
= 29°+1:H[ZZ—2cos(2k9J;1)n Z+l} = Z45+%:H{Z+%_2COS(ZK+1)TCJ

e 2k +1
Now for Z=cos0+isin0 we get H{l—cos%} =2%
k=0

(2k+l)m) 1 A (2k+lm 1
or H[Zsm 180 ] F:H(sm 180 ]:244\/5.

k=0

Q.56

Let az® +bZ? +cZ+d=a(Z-a)(Z-B)(Z-7)
Now for Z=i, —ai—b+ci+d=a(i—a)(i-B)(i-7) ...(i)
and for Z=—i, ai-b—ci+d=-a(i+a)(i+B)(i+y) ..(ii)

Multiplying (i) & ii) gives (—ai—b-+ci+d)(ai—b—ci+d)=a”(1+a”)(1+p*)(1+7*)

o (L)1 147) - L2 E=0).

Q.57

sn &N 3 if r=3m
Given (1+x+x2) " =>a,x". Now recall that 1+ " + " = .
s 0 otherwise

Substituting 1, @ & ? in the given expansion and adding the three results gives

3n 3n on
3“+@+w+mﬁ +@+wkuf) :Zﬁ&LHJ+w”)

r=0



or 3(a, +a;+ag +..+ag, ) =3".

Smilarly
3n 2\ 2 2 4\ & 2r41
3 +(1+03+c0 ) ® +(1+03 +® ) w—gg (1+03 +® )

or 3(a,+a, +a; +..+3g,,)=3"

Q.58

_ (2k+l)‘ni
-1=e"=(-1) " =e & Vk=0,12,..,7. Hence

LA ﬂi lsii LA lsii 3—T[i Bii
Z8=-1=|Z-e® ||Z-e8 |...|Z-e8 | whereded e8 | {e8 e8 | etc are conjugate pairs.

L :L‘r’ii 3li 13Ji 5li uii Ei gli
Z8+1=|Z7%—|e® +e8 |Z+1|Z°—|e® +e® |Z+1|Z?—|e® +e8 |Z+1||Z®-|e® +e8 |Z+1

z8 Jrlz(z2 —Zcosg zu](zz —2(:05%7t zu](zz —Zcos%n zu}(zz —2cos%c Z+lj

)1/ 8

Further the above result implies

Z4+i= Z+1—2005E Z+£—2cos3—n Z+£—2c055—7T Z+l—2c057—7E
z* z 8 z 8 z 8 z 8

Now for Z=cos0-+isin® we get cos40 =8(cose—cosgj(cose—cos%)[cose—cos%j(cose—cos%nj.

Now for 6 =0, (1—0052][1—0053—75)(1 cosS—ch(l 0037—7T]=1
8 8 8 8 8
or (Zsinzlj(ZSm 2 31 J(Zsm on j(Zsmzhj 1
16 16 16 16 8

Hence sinzﬂsin23—nsin25—nsin27—n L
16 16 16 16 128

Q.59

2
(a) 2074 _oos T yicosE o | LA 1] _ 3
Z,-7, 3 3 (Z,-2, 2

2
or Zy=4 -2 24 +1=0
ZS_Zl Z3_Zl

NZPAZ)P 2 =22,+2,Z,+ 27,




(0) Z,+2,+2,=3Zy = Z?* +Z,* +Z + 22,2, + 27,2, + 22,7, =9Z}
Also for an equilateral A, Z* +Z,%> + Z,* = Z,Z, + Z,Z, + Z,Z,.

Hence Z,*+Z,* +Z,* =3Z,°.

(C) Zy+Zy+ ... +Z5 =30Zy & (Z,-2Z,) +(Z,—-Zo ) + .. +(Zgn = Z,)’ =0

=(ZP+2,+ . +25)7) =22 (Zy+Z,+ ... +Z4,)+30Z57 =0

or Z2+Z,5 + ... +Zy,> =3nZ,°

Q.60

(a) Using sinC+sinD = 2sin C:;Dcos C;D we get

.2 . 4n . bm .M. 21T . 3m
sin — +sin—+sin— =4sin —sin—sin —.
7 7 7 7 7 7

Now sin Esin EsinB—TE :ﬂ.
7 7 2

(b) Let center be the origin and A, be on real —axis ie. OA, =1
o 2in air 6ir
Now each of the internal angle will be - hence OA,=e ’ ,OA;=e’ & OA,=¢".

2in din 6in

= AA,=0A,-OA =e’ -1LAA,=e’ -1& AA,=0A,-OA, =e 7 —1.

2in
e’ -1+

LT . 2% . 3w
= 28IN—=+2SIn——2sIn— =+/7.
7 7 7 \/_

4in
e’ -1

6in
e’ -1.

Hence |AA,[+]AA,|-|AA,|=
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