Applications Of Derivatives

Exercise 1(A)
(b)

Given x* +y* =2¢?

Differentiating w.r.t. x, 2x+ zyj_y -0
X

= 2yd—y:—2x = d_y:__x
dx dx vy
= [d_yj =1
dX .o

(@)

Given curve x? =3-2y

dx dx
Slope of the line=-1

diff. w.rt.x, o, 20y ; dy _

d

Y x-a ; x=1
dx

- y=1 point (1, 1)
(b)

Given y=2x> —x+1

Let the co-ordinate of P is (h, k) then (dlj —4h-1
(h,k)

dx
Clearly4h—1=3.
h=1=k=3.Pis(l, 2).
(d)

X2=—4y = oy 4 W
dx
=0y X = (le _o-
dx 2 dx 4t

We know that equation of tangent is

(v-v.) :(‘d’—y] (x—x,)
X %,y

= y+4=2(x+4)
= 2x-y+4=0.
(b)
dy =« V3

.
y=sin— = —= =>c0s =X
2 dx 2 2



.. Equation of normal is y -1 = %(x -1)

= x=1.

(d)

Curveis y =be /2

Since the curve crosses y-axis (i.e., x=0) .. y=b

Now d—y:_—be’”a.
dx a
At point (0, b), (d_yj _>
dx obn @

. Equation of tangentis y —b = _—b(x -0)
a

= XY
a b
(d)
Slope of the normal = -1
dy /dx

3z -1

= tan— =
4

g (d—yj =1; f(3)=1.
dx @.4)
(d)
yi+3xi =12y = 3y2.d—y+6x 1 W
dx dx

= d—3’(3y2 -12)+6x =0
dx

d_y_ 6x
dx 12 —3y?
dx 12 —3y?
= —=—
dy 6x
. . odx
Tangent is parallel to y-axis, vl 0
y
= 12-3y?2 =0o0r y=+2.
4
V3

y = -2 does not satisfy the equation of the curve,

L. 4
.. The pointis | +—,2
P ( 73 J

Then x =+ ,fory=2

(c)

Let the point be (x,,y;)

Ly, —beala (i)

Also, curve y =be /3 = &y _Dea

dx a



(&) -Denn-h (by ()
dx ), a a
X1,Y1)

Now, the equation of tangent of given curve at point (x,,y,) is

y—ylz_—yl(x—xl) :>1+L:X—l+1
a a y, a

Comparing with §+%=1,weget, y, =b and 1+%=1 = x, =0

Hence, the point is (0, b).
Q.10 (d)
y=x®-3x>-9x+5 = :—yzsxz -6x-9.
X
We know that this equation gives the slope of the tangent to the curve.

The tangent is parallel to x-axis g_y =0
X

Therefore, 3x2 -6x-9=0

= x=-13.
Q.11 (b)
Givencurve y2=x and x* =y
Differentiating w.r.t. x, 2yd—y:1 and 2x _dy
dx dx
(2] (21,
dx any 2 dx @i
Angle between the curve
o 1
= tang = 2
1+=.2
2
3 13
> tang=— =>g=tan ~—.
¢ 4 ¢ 4
Q12 (a)
Clearly the point of intersection of curves is (0, 1)
Now, slope of tangent of first curve, m; :d—y:aX loga = 7 =m, =loga
ax dX Jio.1)

Slope of tangent of second curve, m, _dy b*logh = m, :(d_yj =logh
dx X J0.1)
m, —m,  loga—logh

Ltana = = .
1+mm, 1l+logalogb

Q13 (b
The equation of two curves are xy =6 and x?y =12 from (i) we obtain y = )
X
putting this value of y in equation (ii) to obtain xz(gj =12 = 6x=12 = x =2

Putting x =2 in (i) or (ii) we get, y = 3.
Thus, the two curves intersect at P(2, 3)



Q.14

Q.15

Q.16

Differentiating (i) w.r.t. X, we get xg—y +y=0 = Yy _y = [d—y] =—-=
X
@.3)

dx X

Differentiating (ii) w.r.t. x, we get x?2 j_y +2xy =0 = j_y _ Y
X X X

(©
Equation of the curve x%y? =a*.
Differentiating the given equation,

x22yd—y+y22x o Wy
dx dx X

- (%)
dx (aa) -a

Therefore, sub-tangent =

‘<
I
<Y}

VO
oo
X <
N—

(@)
yn — an—1X = r]yn—l d_y — an—l

dx
n-1
- (d_yj: a
dx ) ny"?
d_y B yan71 a

.. Length of the subnormal = y T
dx ny"™ n

n-1,,2-n

We also know that if the subnormal is constant,

n-1
then a—.yz‘n should not contain y.
n

Therefore, 2—n=0o0r n=2.
@

\/;+ :\/£:>L Ld—y:O
Wy 2\/§+2\/§dx
4y

Tdx Jx

Hence tangent at (x,y)is Y -y =—

Wy
i

or X y+Y\/_=M(\/;+\/§)=\/@

X=x)



Q.17

Q.18

Q.19

Q.20

Q.21

or X Y 1.
Yax  Jay
Clearly its intercepts on the axes are va+/x and \/Eﬁ .
Sum of the intercepts = va(/x +./y)=va.\a=a.
(©

Differentiating the given equation w.r.t. x , 2yj_y =4
X
- dy 1
atpoint (2,4) —= ==
point (2, 4) —-=3

dy
Y1—X1(*j
p_____\&J
2

1+(d—yj

dx

4_z[lj

_ 2) 6

1 5

1+—
4
(b)
f(x) = 3x +E = f'(x)= 37%
X X
Clearly f'(x) >0 on the interval (1, 3)

. f(x) is strictly increasing.
(©

fx)=(x -1)% -1

Hence decreasing in x <1
Alternative method:
f'(x)=2x-2=2(x-1)
To be decreasing, 2(x —1)<0
= (x-1)<0 = x<1.

(a)

f(x)=6x% +36x—96 >0, for increasing
= f(x)=6(x +8)(x-2)>0
= x=>2,x<-8.

()

dy

Let y=x* = == =x"(L+log x);
dx

For j—y>0, x*(L+logx)>0
X

=1+logx>0

1
= log, x > log, ’



Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

For this to be positive, x should be greater than % .
(b)
f(x) will be monotonically decreasing, if f'(x)<0.

= f'(x)=-sinx-2p<0
1. 1 .
= Esmx+p>0 = p>E [-—1<sinx <1]

(c)

f'(x)=5x* —60x2 + 240

= 5(x* —12x? +48) =5[(x* - 6)* +12]
= f'(x)>0%xeR

i.e., f(x) is monotonically increasing everywhere.

(d)

If f(x)=(a+2)x® —3ax? +9ax —1 decreases monotonically for all x e R,

then f'(x)<0 forall xeR

= 3@+2)x?-6ax+9a<0 forall xeR
= (@a+2)x? -2ax +3a<0 forall xeR
= a-+2<0 and discriminant <0

= a<-2 and —8a?-24a<0

= a<-2and a@+3)>0 = a<-2

and a<-3 or a0 = a<-3

= —o<as<-3
(d)

The function is monotonic increasing if, f'(x)>0

(2sinx +3cos x)(Acos x —65sinx) (4 sin x +6 cos x)(2 cos x —3 sin x) .

(2sinx + 3 cos x)? (2 sin x + 3 cos x)?
= 3A(sin? x +cos? x)—12(sin? x + cos? x) > 0

= 31-12>0 = A1>4.

(b)

Let f(x)= %
' In(e+x)><ﬂ+x—ln(;z+x)e+x
r) = {In(e + \)}?

_ (e +x)In(e +x)— (7 + x) In(r + x)
{In(e +x)}* x(e + X)(7 +X)

= f'(x)<0 forall x>0 {.- 7z>e}.

Hence, f(x) is decreasing in [0, ).

(©)

0



Obviously, here cos 3x in not decreasing in [0,%] because dicos 3x =-3sin3x.
X

Butat x =75°, —3sin3x >0.
Hence the result.

Q.28 (b)
We have f(x)=x—e* +tan(27—”J = f(x)=1-¢"
For f(x) to be increasing, we must have f'(x)>0

=1-e">0 = e* <1
= x<0 = xe(—x,0)

Q29 ()

fi(x) =X 4 x . X4 (1-2x)
= e+ x(@1-2x)}
=X (=2x? +x+1)

Now by the sign-scheme for —2x? +x +1

f(x)=0, if x e [—%,1} , because e**™ js always positive.

So, f(x) is increasing on [—%,1}

Q.30 (b)
f(x) = X sin X + cos X +cos? x
. f'(x)=sin X + x cos X —sin x — 2 cos X sin X
= cos X(x — 2sinx)
Hence x -0 to ~,then f(x)<0,i.e.,
f(x) is decreasing function.

Q31  (b)
Let f(x)=x2%*

= W oger _x2% =e *(2x —x?)
dx

Hence f'(x)>0 for every x €[0,2],

therefore it is non-decreasing in [0, 2].
Q32 (b)

f(x)=sin* x +cos* x

(sin® x +cos? x)? — 2sin? x cos? x

fa2 2 fa2
=1_4S|n X COS x:1_5|n 2X =1—£(23in22x)
2 2 4
=1- ﬂ :§+£cos4x
4 4 4

Hence function f(x) is increasing when f'(x)>0



Q.33

Q.34

Q.35

Q.36

Q.37

f'(x)=-sindx >0 = sin4x <0

Hence 7 <4x <% or Z<x <%
2 4 8
(c)
f(b) f(a)

From mean value theorem f'(c) =

a=0,f@=0 = b:%,f(b):g

f'X)=(x -D(X —2)+ x(x —=2)+ x(x =1),
f'lc)=(c-1)(c-2)+c(c—2)+c(c-1)
=c?2-3c+2+c?-2c+c?—c, f(c)=3c®-6c+2
According to mean value theorem

= ()= fb)-f@
b,
)
5 5
= 3c“—-6Cc+2= 1 Z_6c+==0
553
6+436-15 6++21 +J_
2x3 6 T 6
(@
-1
f(Xl)_X121
1 1
-1 E a 1 \/_
=—— =X, =+ab .
x2 b-a ab !
(@

Given that equation of curve y = x® = f(x)
So f(2)=8 and f(-2)=-8

) 2y 2 oy - 12— f(=2)
Now f(00=3x* = Fo9="20 7
= 8_(_8)=3x2;.'.x:i%.

(c)

To determine 'c' in Rolle's theorem, f'(c)=0

Here /(x)=(x? +3x)e @/2x .(— %)+(2x +3)e /2%

g @/ {—%(x2 +3X)+2x + 3}

f%e’(”z){xz -X 76}

f'c)=0 => c*-c-6=0 = c=3,—2.
But ¢ =3 ¢[-3,0], Hencec=-2.
(@)



Q.38

Q.39

f)=x3-6x2+ax+b = f(x)=3x2-12x +a

= f(0)=0 = f’(2+iJ—0

V3

2

o3 2+i] 1 2+i]+a:o

NE) 3
4 1

1
= 3(4+§+ﬁj_12[2+ﬁ}%1:0

= 12+1+4y3-24-43 +a=0
(@)
y=x%-5x* +5x%-10

dy _ 5x* —20x® +15x?
dx

=5x*(X* —4x +3)
=5x2(x —3)(x —1)

dy . .
—=0,0glves x=0,,3 ... 1
i gives x (1)

2
Now, (dj—y— 20%% ~60x2 +30x = 10X(2x2 — 6X + 3)

XZ

d3
and —Z =10(6x° — 12X + 3)

dx
2 3
For x =0 dy = o’d_y = O,d—y #0, .. Neither minimum nor maximum
dx dx 2 dx 3
d2y _ . .
For x=1, ol -10 =negative, . Maximum value y, . =-9
X

2
For x =3, :—32/ =90 =positive, .. Minimum value y,_;,, =-37.
X
(©
. . 1.
y =sin x(L + cos x) = sin x +Esm 2x

2
. d—yzcosx+0052x and d—gz—sinx—ZsinZX
dx dx

On putting :_y =0,c0s X +¢c0s 2x =0
X

=> C0S X = —C0S 2X = cos(7z — 2X)

= X=x-2X

_ r . [(d? (1 (2
S X==, | =5 =—sin| =z |-2sin| =&
3 X 3 3
Xx=r/3

-3, V3 _-33
2

-— which is negative.

2

ooat x =% the function is maximum.



Q.40 (d) d—y:3+2bx+1:>(g—ij =a+2b+1=0
x=1

dx x
= a=-2b-1
and [d—yj 8 i aps1-0= 221 4pi1o0
dx ),_., 2
1
= -b+4b+==0
2
:>3b:_—1:>b:7—l and a==- :;2.
6 3
Q.41 (b)

f(x) = (%}X = f(x)= (%}X (Iog % —1)

f'(x)=0 = Iogizlzloge
X

1 1
= —=f = X=—.
X e

Therefore, maximum value of function is e*’®.
Q.42 (b)
y = f(x)=—x> +3x2 +9x — 27
The slope of this curve f'(x)=-3x%+6x+9
Let g(x)= f'(x)=-3x2 +6x +9
Differentiate with respect to X, g'(x)=-6x +6
Put g(x)=0 = x=1
Now, g"(x)=-6 <0 and hence at x =1, g(x)
(Slope) will have maximum value.
S o@)na, =3%x1+6+9=12.
Q.43 (c)
f(x) = rtl(e‘ “D(E-D(t-27>@-3)°dt, .. F(x)=xE* -1(x-1)(x -2°(x - 3)°

For local minima, slope i.e., f'(x) should change sign from — ve to +ve
f(x)=0 = x=0,1,2,3

If x=0—h, where hisa very small number, then f'(x) =(-)(-)(-1)(-1)(-1) = —ve
If x=0+h, f'(X)=HHEEHEL) =-ve

Hence at x =0 neither maxima nor minima.

If x=1-h, f'(x)=HHEE)EL)=-ve

If x=1+h, f'(X) = HHHED(EL) = +ve

Hence, at x =1 there is a local minima.

If x=2-h, f(x)=HEDHEE) = +ve

If x=2+h, f'(X)=HFHHH)(1)=-ve

Hence at x =2 there is a local maxima.

If x=3-h, f'(x)=#HHHHE)=-ve

If x=3+h, f'(x)=#HHHHE) = +ve



Hence at x =3 there is a local minima.
Q.44  (c)
f(x)=2x> —9ax? +12a%x +1
f'(x) = 6x? —18ax +12a?
f"(x)=12x —18a
For maximum and minimum, 6x° —18ax +12a* =0
= x?-3ax+2a’=0
X=a or x=2a at x =a maximum and at x = 2a minimum

©pP=q

a’=2a = a=20r a=0 but a>0, therefore a=2.
Q45 (¢

¢(x):j e C20_)dt = gx)=e X '21-x?)

1

Now ¢'(x)=0=1-x*=0=x==1

Hence, x =+1 are points of extrema of ¢(x) .
Q.46 (c)

Let y =x®—-18x%+96x :g—yzsxz—sex +96 =0

X

" x?-12x+32=0 = (x—-4)(x-8)=0,x=4,8

2 2
Now, d—Z: 6x —36 at x :4,d—32/:24_36 =-12<0
dx dx
. at x =4 function will be maximum and [f(x)],,., = 64 —288 + 384 =160

2
at x=89Y 48 36-12>0
dx

. at x =8 function will be minimum and [f(x)],,;, =128 .

Q47 ()

y =2C0S 2X —C0S 4X

2cos 2x(l—cos2x)+ 1

4c0s2xsin? x +1

Obviously, sinx >0

Therefore, to be least value of y, cos 2x should be least i.e., — 1.
Hence least value of yis—4 + 1 =-3.

Q48 (9)
f(x) = x2log x = f'(x) = (2log x +1)x
Now f(x)=0 = x=¢e"*2,0
- 0<e™2<1, -+ None of these critical points lies in the interval [1,e]
. So we only compare the value of f(x) at the end points 1 and e.
We have f(1)=0, f(e)=e?
-, greatest value = e?

Q.49 (a)



Q.50

Q.51

Q.52

Q.53

=1= y:% andlet z=x+y

1 dz 1
1=x+—=> —=1-—
X dx X

= d—Z:O = 1—i:0
dx x?2

2
= x=-1+1 and :—E:%
X

d?z 2
— =—=2=+ve,
dx?) 1

. x =1 is point of minima.
x=1Ly=1,
. minimumvalue= x+y=2.

(©
Let x+y=4 or y=4-x

LI XY o gp=t o2

Xy Y X@-x)
_4

() = )= — (4 -2x

) 4x —x2 ) (4x—x2)2( )

Put f(x)=0 => 4-2x=0 => x=2 and y=2

- min. l+l :1+£:1
Xy 2 2

(b)

Let number = x, then cube = x3

Now f(x)= x —x3(Maximum) = f'(x)=1-3x?

1
Put f'(x)=0 = 1-3x2=0 = x=+——
J3
1
Because f"(x)=-6x =-ve.when x =+—.
J3

(©
2x+2y=100 = x+y=50

Let area of rectangle is A, then A=xy = y= A
X

From (i), x+2_50 = A=50x-x2
X

= d—A =50 -2x
dx
. dA
for maximum area — =0
dx
© 50-2x=0 = x=25 and y=25
.. adjacent sides are 25 cm and 25 cm.

(b)

If r be the radius and h the height, the from the figure,



Q.54

2
r’ +(g] =R?= h®=4(R*-r?)

Now, V =zr?h=2a?yR? —r?

N R 2w t
dr 2

For max. or min., C:j—\r/ =0

2
R? —r?

2
= 2R?=3r? = r_\/gR = i—\zlz—ve.
r

3

= 4myR?-r? = = 2(R?-r?)=r?

Hence V is max. when r = \ER .

(@)
Let OM =x
Then height of cone i.e., h=x+a (where a is radius of sphere)

Radius of base of cone = va? —x?

Therefore, volume V = %;z(a2 -x%)(x+a) = 3—\/ = %(a+ x)(a—-3x)
X
Now, d—V:O = X :—a,E
dx 3

But x #-a, So, x:%

. R a
The volume is maximum at x = 3

Height of a cone h:a+%:%a Ah

4
—a
Therefore ratio of height and diameter = z—a =

w|nN



ApplicationsOf Derivatives
EXERCISE 1(B)

y=2x"+13x> +5x+9

9y _6x? 4 26x45

dx

Let thepoint be (h, k)
k=2h*+13h*+5h+9

—(2h* +13h* +5h+9) |
" =6h" +26h+5
x—

substituting (0,0)

h? +13h* +5h+9 = 6h’ +26h* + 5h
4h’ +13h* -9 =0

h=-1k=15.

=a(t+ sintcost)

dy =2a(1+sint)cost

dt
dy 2cost+sin2t

5_ 1 +cos2t
+smi

2c0st(1+smt) 2
2cos’t cos 7_szi
2 2




dy b

dx a
b(x—a)+a(y-b)=0
bx +ay =2ab

2idoo,

a b
y:be—x/a
x=0 = y=b

y=3x>+bx+2
x=0 = y=2

d—y=6x+b
X

G,
dX x=0

b=4

=4 ... Given

dy
Ix X [Given|

Xx=2

= y=2
y—2+2(x—2)=0
2x+y—-6=0.

Pointsare (p,ap2 +bp +c) & (q,aq2 +bgq +c)

y—(ap2+bp+c) a(qz—p2)+b(q—p)

X—-p q-p




y—(ap2 +bp+c)
X=p

=aq+ap+b

y=(aq+ap+b)x—apq+c

m=aq+ap+b

& m=221x+b=d—y
dx
X=P+q
2
Ky =va
1 1 dy
—+——=—=0 X—X =4/X
2x 2\/§dx \/_y
dy__ |y
dx X
Y—y:_ y
X—-x X

X=0 = Y:ng
Y=0 = x=x+\/5

x+y+2xy =0A+OB=(Vx +1y) =a
X234y23= g2

2 2 dy
73 T s .
3x 3y 7 dx

d_y:_[ljlm
dx X

1/3
Y-y _ [y
X-x X

Y=y+X2/3y1/3 When x = ¢

X=x+x'"7+y*” When vy =

Y2+X2 :y2+x4/3y2/3+2x2/3y4/3 +X2+2x4/3y2/3+X2/3y4/3

:X2+y2+3x4/3y2/3+3X2/3y4/3

=X2+X4/3y2/3+y2+X2/3y4/3 +2(X4/3y2/3+X2/3y4/3)
Z(X4/3+y4/3)az/3 +(2X2/3y2/3)az/3
=a2/3 (X2/3 +y2/3)

:a2



10.

11.

12.

13.

14.

, n#-—1

<
Il
U

X =Xx+nx

1 1 1
A= EXY = Exy(l + n)(l +H] , Herenisaconstant.

A isconstant only when xy isconstant but xy" isconstant
n=1.

f(x)=2x"-9x* +12x -3
f'(x)=6x2 —-18x+12>0

x> =3x+2>0
x € (—o0,1)U(2,)

f(x)=x" —ax® +48x+19

f'(x)=3x"-2ax+48>0 Vx
(2a)" —4(3)(48)<0
a’—144 <0
ae[-12,12]

f(x)=2x3 —9x? —60x + 81
f'(x)=6x2 -18x-60<0

x?=3x-10<0
xe(—2,5)




15.

16.

17.

18.

<0 X € (—oo, —4)u (—2,0)

f'(x)zxX (1+€nx)=0

l+/mx=0

1
X=—
e

For x <l ,f'(x)< 0
(§]

1
Function decreasesin [O,—J .
€

logx
==

logx >1 = X>e

f(x)=2|x—2|+|x—3|
For x <2
f(x)=2(2—x)+3—x

=7 —3x isadecreasngfunction.
For  2<x<3
f(x)=2(x—2)+3—x

—x—1 Isincreasngfunction.
For x> 3

f(x)=3x -7 isanincressingfunction.
x €(2,0)
f(x) = COSX —SIin X
f'(x):—sinx—cosx<0 Vxe(O,gj

g(x)=cosx +sinx

g'(x):cosx—sinx>0 VXE(O’EJ

<0 Vxe E,E
4 2



10.

20.

21.

22.

X

hy(x)zxcosiz—sinxzo " =0,

h"(x)zx2(_xsinx)—2x2(xcosx—sinx)<0 Vxe(O,gj
X

h'(x)<0 VXE(O,%}

X . : sinx . . .
Sinx being reciprocal of —— isanincreasingfunction.
X

f( ) asinx +bcosx
X)=—7"""""—"7——
csinx +dcosx

_ (acosx —bsinx)(csinx +dcosx)—(asinx +bcosx)(ccosx —dsinx)

f'(x)—

(csinx +dcosx)2

_ ad —bc 50 vy .
(csinx+dcosx)2 ad —bc > 0.

sinx—bx+c:f(x)

f'(x)=cosx-b<0 V b>1

y =2x’ —3x2—36x+10=f(x)
f'(x)=6x2—6x—36=0
x’=x-6=0

Xx=3 or x=-2

£(3)=2(27)-3(9)-36(3)+10

=71
f(-2)=2(-8)-3(4)-36(-2)+10
=28 +82="54

f(x)=x2—3x+3
f'(x)=2x—3=0

x=% f"(x)=2>0

3
f(x) hasminimaat x = B}



23.

24,

25,

f(x)=2x"-3x*-12x+8
f'(x)=6x2 -6x—-12=0
x=2 or x=-1
f"(x) =12x-6 <0 for x=-1
and >0 for x=2

x = 2 isminima

a’sec’ x + b’ cosec’x = f(x)

f'(x) = 2a’sec’xtanx —2b’ cosec’x cotx =0

f(x) can have minimaonly asmaximais oo .

2 2 2 2
a“sec”xtanx = b~ cosec’xcotx

sin X coSX
a’ b?

cos’ x sin”® x
2
tan4X=—2
a
a
tan’x =|— S cot’x =|—
a b
For a,b >0
) a+b ) a+b
sec” X = ,Cosec’x =
a

a’sec’x +b’cosec’x

=a’+ab+ab+b’ =(a+b)2

f(x) = sinx +sinx cos x
f'(x) =cosx+cos’x —sin’x =0

cosx+2cos’x—1=0

cosx =-—1 = X=m Or
f"(x)z—sinx—2sin2x <0 for
>0 for

=COSX +Cos2X



26.  f(x)=x+sinx
f(x)=1+cosx  f'(x)=-sinx
When f'(x)=0 , f"(x)=0
f(x) hasneither minimum nor maximum.

. a 0 1
A=—lacos® bsinO 1

acos® —bsinO 1

27.

= %(Zab sin—2abcosOsin )

=ab(si119—sin@c0s6)
d_A
do
2cos’0—cosB—-1=0

=ab(cos®—c0s20)=0
1
cosO=1 or cosf=——
Now for atriangle,asit will beast.line, 6 0, .. cosO =1

cos0 = —l
2

2
e=?” - sin@zﬁ

A:ab(\/? \Ejz 3+/3ab

_+_
2 4 4

28. f'(x)=3x2—6x+6 >0 for all x
Neither minimum nor maximum.

29. f(x)z(x+6)4 (8—)()3

Let x +6=t
8—x=14 -t
f(t)=t" (14 - 1)’ & f'(x) =f'(t)

f(t)=4t (14 —t) =3t" (14 -t)" =0
£ (14 -t)’[4(14 -t)-3t]=0
£ (4-t)'[56-7t]=0

o t=0 Or t=14 Or¢=8
Now t = () & t =14 asproduct will become zero

t=8 & f(t)=8"6"



30.

31.

32.

33.

35.

36.

x’—(a-2)x—-(a+1)=0

a+P=a-2,0f=—(a+1)

a’+B’=a’—da+4+2a+2

f(a)=a2—2a+6
f'(a)=2a-2=0

a

=1

fa)=5 =min(oc2 +B2)

Function must be continuous and differentiable to apply Rolle’s theorem.

£(a)>0

Function must be continuous and differentiable to apply Rolle’s theorem.

f(x) = log(sin X)

{5)-1%)

f'(x)=cotx=0 at X=g

Cc =

r
2

.

f(x) = log[%j in[a,b]

£(x)= x2+ab x(a+Db)

c=2+

2x (a+Db)

=0

2x? =x* +ab
Xx=GM of a& b.

f(x)=x’ +bx* +ax satisfies Rolle’s theorem on [1,3]

= —_
W

1

)=1(3)

Solving, weget (a,b) =(11,-6)

f(x)=logx in[l,e]

mom
6 6

|

1 2
J +2b(2+

_ 31 1+—
l+a+b=27+9b+3a and ( NE)

Na

! j+a=0



37.  Here, f(0)=1f(2)=0 in[0,2]
f(c)=0
(c—2)2 +2¢c(c—-2)=0

(c—2)[3¢c-2]=0

2
c=3 as ce(0,2)

38. f(x)zﬂx2 +mx +n in

Z(bz—a2)+m(b—a)
b-a

f'(c)=2/x+m =

2£X+m=£(b+a)+m

a+b
X =
2
30. Function should bediffrentiablein domain.

1

Now, x > N?,
x+1>N?
«/;>N,\/ﬁ>N
Jx +/x+1>2N

1 1

—<_
\/§+\/x+1 2N



APPLICATIONS OF DERIVATIVES

EXERCISE 1(C)
c
Let P be (Cta?j , then
4y
xy=c2:>d—y=—x or d_y:_iz
dx X dx t B T~
tangent at P will be
y—%:—tiz(x—ct) or x+t’y=2ct
Now OA =|2ct|,0B = £
0
A:E(ZC’[)(EJ: 2c?
2 t
x’ =4y
dy _x
dx 2
_d_X — _3 =_2 at (1,2)
dy X

FInd equation of line passing through (1,2) with slope —7.

d_y: a0sin O — tan0
dx a0OcosO
—d—Xz—cote
dy

Y -a(sinf-0cos0)

- =—cotH
X—a(cos0+0sin6)

Y—-asinO+a0cosO=—-cotOX+acosOcotO+abcosO

Y + X cot®—a(sin@+cosBcoth) =0

|a (sin6+ cos900t9)|
J1+cot? 0

Distance from origin =

=a
dy _ 2ae’cos6 _

o cot6
dx 2ae’sin0

_dy_ —tan
dx



Equation of tangent is

y—aee(sin9+cos(9)

=cot0
x —ae’(sin@—cos0) €0

y—ae’sin@—ae’cos®=xcot®—ae’cosO+ae’cosBcot

2
xcosH pCOS 0

0

— — —y+ae’sinO+ae’ —
sin O sin O

xcosB—ysin@+ae’ =0
al

=——=ae
P 1

Equation of normal is

y—aee(sin6+cos€))

~ _tan®
x —ae’(sin0—cos0) an

y—ae’sinf—ae’cos®=—xtanB+ae’sinOtan 0 —ae’sin O

ycosO+xsin@—ae’ =0

_d_X_(ile
dy \y

Equation of tangent is

1/3
{2
X—-x X

me—me _ _yl/3X+ Xym

y1/3X+X1/3Y—X”3y—Xy”3 -0

X "y+Xy

P=—F—
[x2/3 Ly

1/3_1/3_1/3
=[x'?y"a")

‘ 1/3 1/3‘

Equation of normal is



y1/3Y_y4/3 — X3 x4
X1/3X_y1/3Y_X4/3 +y4/3 -0

4/3 4/3‘

" —x
:‘(sz _y2/3)a1/3‘
4p2 +q2 — 4X2/3y2/3 +a2/3 (X4/3 _2X2/3y2/3 +y4/3)
—g2/3 (X2/3 +y2/3)

2
=a .

yi=2x,x"+y =8

y
x’+2x-8=0 and x>0 as X ="~
x=2

= y=2
FOI‘y2=2x
dy
= _9
ydx
1 1
mlz—:—
y 2
For x’+y’=8
2X+2yd—y=0
X
mzz—iz—l
tano = | "M f_3
+mm,
_Xx+3
x? +1

dy (x2 +1)—(2x2 +6x) B x> —-6x+1

dx (x2 + 1)2 (x2 + 1)z



_—4-12+41 -3

m=——-————=—
25 5
_x2—7x+11
- x—1
dy (2% =9x+7)—(x*=7x+11) x> _2x 4
dx (x—1) (x-1)
mz_4—4—4:_4
1
tano = |1 "M | _4
l+mm,

6xy + 3x
Y dx
dy /> 2
—(x" - =-2x
dX( y’) y
dy = 2xy _
dX XZ_yZ 2
mm, =-1
x =y’
dy 1
dx 2y :
xy =k
Y Yy,
dx X
mm, =-1
L S
2x
1
X =—



=~ <
Il 1]
I+ =+

&

10. Sng,SN=24
y; =ST.SN
==x24=9
y, = +3
1. by’ =(x+a)

zbyd—y = 3(X+a)2
X

dy M:tane

dx  2by
cotf = 2by 2
3(x+a)
2
ST =|ycotf| = %;YQ
3(x+a)
3(x+a)’
SN =|ytan 6| = | ———
2b
3p(x+a)’  4qb’y’
2b 9(x+a)'
2
p__sbly' s (ov) sb
q 27(X+a)6 27(X+a)6 27
12.  xy"=a""
d_y:_—y:tane
dx nx
SN=|ytan9|
2
=|=| = constant

nx



13.

14.

15.

16.

17.

18.

But xy" = constant

2xy” + 2x2yd—y =0
dx

d—yziztane
dx x

cotGzi
y

ST = |y cot6| = |—x|

dx
dy __my
dx nx
cotO = _nx
my
ST = |- X
m

From informationin Q.22,

(ST)" o (SN)

_dx _a0cosO

d_y absin 0

—cotO

As shown in Q.14 of this exercise it is at a constant distance from origin.

ax+by+c¢=0 normal to xy =1

d
For xy=1,-2=-2
dx X
d
As xy is positive, Y0 Vxy
dx
—d—X<O vV X,y
dy

Slope of normal is positive.
a>0,b<0 or a<0,b>0

(3—a)x+ay+a’-1=0



19.

20.

21.

22.

23.

1
f(x) = 4x -~ <0
(x)=4x X<
2
4x° -1 <0
X
(2x+1)(2x—1)<0
X
X X
f(x) = -
(X) sinxjg(x) tan x
Pi(x) = SMXZXCOSX )y xe(0,1)
X
2
g'(x):w<0 Vxe(O,l)
X
f(x)=tan™ (sinx +cosx)
Let g(x)=tan"'x
, 1
g(x)=1+xz>0 v x

f(x) increases when sin x + cos x increases
Let  h(x)=sinx+cosx

h'(x)zcosx—sinx >0

) T
. in | -=.=
COSX > Sinx )

f(x) =x'"" +sinx—1

f'(x) =100x" +cosx <0

()= -1



x<0 = f(x)z—x+1—x:1—2x MD
0<x<l1 = f(x)=x+1-x=1 Constant

x>1 = f(x)=2x—1 MI

24. f(x)=x(a2—2a—2)+cosx
f'(x):az—Za—Z—sinx>0 Y x
a’—-2a-2>1
a e(—o0,—1)u(3,0)
3
25 (|)(x)=3f[x?]+f(3—x2) V xe(-3,4)
£(x)>0
3
(I)’(x)z3X2f'(x?)—2xf’(3—x2)>0
3

x%‘[%} > 2X f'(3 —xz)

For x>0

xf'(’;ij >2f(3-x%)
%f‘();—sj>f'(3—x2)
26, f'(x)20,g'(x)<0

h'(x) = f'(gg())() g'<(0x)) <0

h(2)=1as h(1)=1

27.  y=alog|x|+bx’ +x

9 _ 2, bx+120
dx x
2 —
a+2bx +x:0 a=—4>B=2
X 3
2 -1
a+pfp===—
P 3 2b
b=
4



-8 a
T

a:ﬁXZXi:4

Point on y* = 4x is (t2,2t)
Distance between point & (2,1) is

d:\/(t2—2)2+(2t—1)2
d* = (¢ -2) +(2t-1)

=t' —4t+5 =1(t)

f'(t)=4t" -4 =0
t =1 we can show that t = | is minima

Point is (1,2).

Point nearest to the required line will have common normal.

ﬂ=3:2x+7
dx
Xx=-2,y=-8

point is (-2,-8)

2

2
+ =1
4

mN| >

=acosf,y=2sin0

< X

azcosz€)+4(l—sin6)2 =d
d’> =f(6)=a’cos’0+4 —8sinB+4sin’ O
=a’+4 +(4—az)sin29—8sin9

f'(0) = 2(4 —az)sinecos6—8c0s6=0

cos0=0
= o=l
2

point is (0,2).

0+2r=k
r(9+2)=k

_k-2r
r

0



32. From above example, g = 2°

2r+2r=20
r=5

A:%x25x2=25 sq.cm.

33.

h
72




34. s=2mnr(r+h)

35 L—tanoc
' h-H A

R=tano(h-H)
curved surface area h
=S, =2nRH

=2ntanoc(hH—H2) b/

ds,
dH

:2ntana(h—2H):0

p-n.
2

36. X

x|

V= (a —2x)(b—2x)x
V =4x’ —2(a+b)x2 +abx

IV 2% —4(a+b)x+ab=0
dx



X =

4(a+b)+/16(a+b)’ —48ab

24

_(a +b)i\/a2+b2—ab

B 6

But Xx<a,x<b

(a1+b)—(a2 +b? —ab)%

X =

6
37. V=x(a—2x)2
v=4x’—4ax’ +a’x
d—V=12x2—8ax+a2=O
dx
a
But X = 5 will make volume zero.
a
X=—
6
38.  a’h=32
a’+4ah has to be minimised
32
h=—"
aZ
128
f(a)=a’ +—
(a)=a®+ 12
fi(a)=2a- ljf -0
a=4 & h=2
Area =16+32 =48
39. Lineis (y—4)=m(x-3)
x=0 = y=4-3m
y=0 = X = _4
m
A=—(4-3m)| 3 ——
(4-3m)[3- 2]
:1(24—9m+£j
m
dA -9 16
—_—— 2:0
dm 2 2m

=é (a+b)—(32 +b2—ab)%

a
X=— 0r X=



8.9
m? 2
m? =10
9
-4
mZTaS m >0 = no A is formed
1
A=—(8)(6)=24
2
Xx=b
40.
& X=4a
a—b
x=b = y’=4ab y =t</4ab = +2+/ab
|2y| = +4+/ab
A=%(a—b)(4a+42\/ab)
31 13
=2a’+2a2b? —2ab—2a%b?
3
2 11
9A_a% i 3atbr=o
Sb bz
1 1 3
—-3a’b-2ab2+a?2=0
= b=2
9
1 3 =2
41. Vzgrcf SIn” oLcosa
dv 1

— =_n/? [2 sin a.cos” o — sin’ oc} =0
do

sina=0 Or 2cos’a =sin’a
Rejected

0.~
tanoczx/z as ae )
a:tan’l(x/z)

1
42. V= gnrzh = constant



S, =nryr’ +h® has to be maximized

h

C

dr dr

4n°r

41 =18V?

3. P =h’+r

_3V

2
Tr

s 18V2

9V?

2.4
mr

2
=, |n’r! +9r\2/

2
ds, _dsi _,

0




44. /\

N

b* + 0% =41

b=+4r —¢*

S =kb/?

=k ar - 72

9 _spdar—e o X
de Jar -7
3k (41 = 07 ) = k!
¢/=0 Rejected or
3(4r° - 07) =10
121> =4¢°

¢ =3r
b=r

45, p?4+d? =4r?
d*=4r"-b’
S=kbd?
=kb(4r’ —=b’) =4Kkbr’ kb

£=4kr2 —3kb?=0
dr

=75

46. Let OABC be the sheet of paper as



The corner A of the rectangular sheet OABC is folded over along PQ so as to reach the opposite
edge OC at R.
Let the crease PQ be of length x.

Let ZAPQ =0.Then /PQR =6 and ZOPR=n-26.
In AAPQ , we have

cosez£
P

= AP =xcos0
In AOPR , We have

cos(7t—26)=2
RP
OP
= —cos29—E [ AP=RP]
= OP =—AP c0s20 =—xcosBcos26
Now,
a=0A=0P+AP
= a=xcosO—xcos20cosH
= X= 2 ()
cos0—cosOcos20
= 3=cos6—cosﬁcos26

X

a
Let Y = —- Then y is maximum when x is minimum.
X

Now,

y =cos0—cos0cos26

= %z—sin6+sin600829+2cosesin26

ay_,
do

For maximum or minimum values of y we must have

= —sin0+sinBcos20+4sin0cos’ 0 =

=  —sin0(1-cos20)+4sin0(1-sin’0)=0



47.

= —2sin*0+4sin0—4sin’*0=0

= 4sin®=6sin"0
. 2

= Slnzezg or sin@=0

= sin @ = 3 or 9=0.

Now,

dzy . . . .

T =—-c050+c0s0c0s20—2sin0sin20 14 cos0cos 26— 2 sinOsin 20
d’y . .

= 10° =—cos0+5co0s0co0s20—-4sin0Bsin20

. 2 2
For sin 0 = 3 and cosO = 3 e have
2
d—}zlz—L—l—Sx\/gx(z—lj—4x\/§x2\/zx\/z<0.
de V3 313 3 3°V3
. 2
So, y is maximum when Slﬂ@:\/;

. /2
Hence, x is minimum when sin 0 = g

. 2 1
Putting Sin0 = 3 and cos0 = 3 in (i), we get

a 3x/§a

Length of the crease = x = =
L 1(1 _ox 2) 4
NERING) 3

Let speed of boat be v & walking speed be v sec o

2 b— 2
t_\/a +( X) +XCOSOL

\4 v

a’ +(b—X)2 +xXcosa

v
1
V— =cosa + x—=2(b-x)=0
X 2\/::12+(b—x)2
b-x
cosol=———
a’ +(b—x)2

(b —x)2 =cos’ OL(a2 +b? —2bx+x2)



48.

49.

50.

51.

52.

(b —x)2 =a’cot’ a

bsina—acosa
Xx=b-acoto =——m——

sin o
2 2
TZ\/d +X +1 X
u v
T 1
aT__ x -0

ud

For students. [ Think for solution if u > v ]

X =

20+ 2mr = 440
(+mr=220 & (=220-nr

A=2(220r—nr’) —or

dA

—=2(220-27)=0

r=351t
= 2r=70ft & ¢(=110f

P'(x)=2na x™" +..+4a,x’ +2ax
=0 onlyat x =0 &
P"(x)>0 vV xeR

P (X) has only one minimum.

x =asecO,y =bcosecO

Minimum radius vector = ?

r= \/x2 +y’ = \/a2 sec’0+b’cosec’ 0
From (Q.4),

Minimum valueof r = (a + b)2 =a+b

From (Q.18)
s= 27rr(r + h)



53.

54.

55.

56.

=2nr2+2—V
r
ds_y 4nr—2—2V:0
dr r
1
I'SZL r= L }
271 21

L2=(4_Vj=h
r I

h = 2r, form this statement h:r=2:1

f(x) = (x— 1)p (X—Z)q

P(x)=p(x=1)"" (x-2)" +q(x~1)" (x-2)""

f'(x)=p(p- 1)(X - l)p_2 (X - 2)q + qu(x - l)p_1 (x- Z)q_l +q(q-1)(x —1)p (x - Z)q_z
If we go on taking derivatives, we find that the condition given in the question holds when (even)®

derivative is non-zero for it, p & q should be even.

f(x)zxeX
f'i(x)=xe*+e* =0
x=-1
f"(x)=xe*+2e* >0 for x =]

X = —] is a minimum

N
Time required = T = (¥j(0‘ +Bx’ )

T:N(gﬂsxj

X

T -N(p-Z]-0 x= |2
dx X B

f(x)=max{x,x +1,2 —x}



By graph, f(x) =

1
f(x)=2- <+—
(X) X, X +2

x+1,x>l
2

X = is point of minima and minimum value is < -

2 2

57 f(a)=(1+ _ln )(1+ 1n j
sin" x cos" o

= (1 +sec” oc)(l +cosec“oc)

=1+sec”" a+cosec’a+sec" acosec’a

f'(a) =nsec” otan a.—ncosec’acota
+nsec” ocosec”a(tan o —cota) =0

sec”" autan oc(l + cosec“a) =cosec"a cotoc(l +sec” oc)

(sec" a)(seczoc—l) cosec’a
1 +sec"a 1+cosec’a
n =2 .
(COS (X)(Sln (X,) Sll'ln o

(cos“ o+ 1)(cos2 a) ~ l+sin"a

sin"? a cos" o

l+sin"a 1+4+cos"a

= sin oL = cosa.
For minima,

. +1
SanL=COSOL=$

Minimum value = (1 +2n/2 )2



Here, x =-1 = f(X) =—— and

f (x) has maximum value —*

2

59. f(X)zcos2nx+{x}
At non-integral points,
f'(x) =-2msin2nx +1
It tends to achieving maximum values at points infinitesimally close to and less than integers but

it has a discontinuity.
It has no maxima.

f(x) =x-x’

2 .
X, &x, € y=X—X in (0,1)
maximum value of expression

1
— —_ 2 g
—max(x X ) 4
61.  f(x)=x?, x e[-2,-1]U[L,2]
2-x7, Xe(—l,l)

Function has maximum at x =0 & local as well as global minima at x = 1

62. %% —ax? + bx — 6 = 0 has roots real and positive
oafy=6,0+B+y=a,0p+Py+ya=>b
af+By+ya=>b
1 1 1 b
—t—+—=—

a B y 6
Now, sum is minimum when each of them is equal
1 1 1
—4—+— Bt
o By, [ AM-GM inequality ]
3 afy
I 1 1 3 3x6 1/3
E+E+;Z617 b2—61/3 =3(36)
, 2

63. f(x)=—"

3(6—x)3

Which is not diff. at X =6



64.

65.

66.

67.

68.

69.

70.

Theorems are not applicable.

By definition.
£(0)=—6, f(4) = +6

f’(x)z(x—Z)(x—3)+(x—1)(x—2)+(x—1)(x—3)

, 6+6
f(c)=4_0=3

3x2-12x+11=3 and x=c
3¢’ —12¢+8=0

V144 -96
c=12+t——M—
6
a8 2 L, 2
6 3 J3

f(x)=x"logx
f'(x)=x""(1+alogx)=0
c=e¢""*€(0,1)

a>0

a+b+c=0
f(x)=ax’ +bx’ +cx
Has roots 0 & 1
3ax’ +2bx+¢c=0

has at least one root in (0,1).

Refer (Q.28) (above)
a+b+c=0

f(x) —ax’ +bx’ +cx
Has roots 0 & 1

3ax>+2bx+¢c=0

x* —=3x+a =0 hastwo roots in [0,1]
f'(x)=3x>-3=0 in (0,1)
There is no value of a satisfying the conditions.



APPLICATIONSOF DERIVATIVES
EXERCISE 2(A)

y=x¥3(x - 1)
dy 4y 1 1 1

ax T 3% T3 @E gl

) 1
hence f is T for x>

1 x*"’isalways positive and at x=1/ 4
and f for x< 2 the curves hasalocal minima

N V2 R S 1 . _ ,
now f'(x)= §X =X (non existent at x = 0, vertical tangent)

1
f"(x)=0 at x=- E(inflection point)
graph of f (x)isas y
1 1
Az J‘(X4/3_Xj/3)dx _ §X3/7_§X4/3}
0 7 4 0 ] ] 1{41
— 10 1,0 X
_|3.3| _44=7| o
“1774|77 28 |7 = DI
dy_ slope fo tangent
dx
1
—t—zz—g : %:t2>0 — aand b are of same sign.
fr)=.]_x* >0in(-1,1) = fisT

X -X X y
Now f(x)+f(~x)= Jxll—t“ dt + J'\/l—t“ dt — lel—t4 dt+{— J\/l—y“ dy} (t=—y)
0 0 0 0

=0 = f(x)isodd
—4x°

againf ' (x) = ﬁ which vanishedat x =0 and changes sign = (0, 0) isinflection sincef is

well defined in [-1, 1] = A,B,C,D]
dy

Since intercepts are equal in magnitude but oppositein sign = ™

=1
P

dy
nowd—X:x2—5x+7=l = X?-5x+6=0= x=2o0r3 ]



10.

(n(f(x) . g(x)) /naleson s
h(x)= —————=—~1 =
/na

fna

= {a"“ sgnx} + [a'x‘ sgnx] = am sgn X ( {y} +[y] =Y)

X

a for x>0
0 for x=0 = h(x) isanodd function ]

X

—a " for x<0

f ' (x) = 100 x*° + cosx

T
for  xe(0,1) and (O’Ej , cosx and x are both +ve = 7T

for  xe (g nj , X > 1 hence 100 x® obviously > cosx = T ]

Note that f (x) is continuous at x= 2 and f is decreasing for (2, 3) and increasing for [-1, 2] .

At x = 2 f hasamaximahence (A) is not correct. |
| A

[
{0
|
—

8 <\
NN
o

Graphofy=f (x) = (A)and(C) W ]
(0,-1)

If f and g areinversethen (fog)(x) = x
f'lg0)] 9" (x) =1

if fisincreesng = f'>0 = signof g'isaso+ve = (A) iscorrect

If fisdecreasing = f'<0 = signof g’ is—ve = (B) isfase

since f hasaninverse = f ishijective = fisinjective = (C) iscorrect
inverse of abijective mapping is bijective

= gisaso hijective = gisonto = (D) iscorrect |

f(x)=In(1-Inx)

domain (0, e)
1 1
f (x)=- +— <0 = decreasingV xinitsdomain = (A) & (B) areincorrect
(I-Inx) X
f)=-1 = (C) isalso incorrect
dso  f(1)=0; Limf(x) > —w. Limf(x)—>w
! x—et " x—>0"
—Inx

09 = 2@ Inw)?

f" (1) =0 whichisapoint of inflection
graph is as shown



11.

12.

13.

14.

y axisand x = earetwo asynmptotes

fisobviouscontinuousV x € R and not derivable at—1and 1 y
f’' (x) changes sign 4 timesat—1,0, 1, 2
local maxima at 1 and — 1

local minimaat x =0and 2 ] -2 -1 O

Domainisx € R

Also f(x)= [cos(tan‘l(sine))]z where cot § = x

r 2
_ 1 1
= co{tan 1{ WD] = (cos ¢)> wheretan ¢ = W

2
\/1+x2
T W2+x2

_ 1+x? ot

g(X)— 2+X2 -+ 2+X2
range's{1 1} f ') = @D Y

IS |5+, X) = 2)2

2 (2+x7)

hence f'(0)=0 %/
dso Limf(x)=1 -

X—>00

hence (B), (C), (D) ]

Let thetangent linebey =ax + b
The equation for itsintersection with the upper parabolais
x?+1=ax+b
x?—ax+(1-b)=0
This has adouble root when & — 4(1 -b) =0 or &+4b=4
For the lower parabola
ax+b=-x2
x?+ax+b=0
This has adouble root when & — 4b = 0
subtract these two equationstoget 8b=4 or b=1/4

add them to get 228 =4 or a=z* 2

The tangent lines are y:ﬁx+% and y:_\/EXJr%

f(x)= _Tcost cos(x —t)dt ...(1)
0
= ]E—cost -COS(X — m+ t)dt
0

f(x)= Tcost-cos(x+t)dt (2
0
(D) +(2) gives

2f(x) = Icost (2cosx -cost)dt
0



T /2
f (X) = cosx Icosztdt =2cosx Icosztdt
0 0
TCOSX

2

f(x)= Now verify. Only (A) & (B) are correct.
15, (A) f(x)=x-tanx

X2

f"(x)=1- >0 = fisincreasingin (0, 1)

1+x%  1+x2
f(x)>f(0) but f(0)=0
f(x)>0 = X >tanrxin (0, 1)
2
(B) f(x):cosx—1+7
f'(X)=-sinx+x=x-sinx>01in(0,1) = (B) isnot correct

© f(X)=1+X|n(X+\/1+X2)‘\/1+x2

1+1L
2 2
Fr(x) = x| ——LEXT +In(x+\/1+x2)—
x+\/1+x2 1+ %2
— X +In(x+\/1+x2j—— S0V xeR
\/1+x2 1+ %2

= (C) istrue

2
D) f(x)=x- X?—In(1+x)

1 (1-x3)-1 x?2
f’ =(1-X)- —— = =_
09 =(1-% 1+Xx 1+ X 1+X
hence f (x) isdecreasingin (0, 1)

f(x) <f (0)

<0 = (D) iscorrect

52
f(x)<O0 = x—7<ln(1+x)]

16. f'(X)I? and f"(x)=

R Now interpret

y
1/4

Y/l 5 3
17.  (A)  f(x) has no relative minimum on (-3, 4) /

(B)  f(x)is continuous function on [-3, 4]
= f (x) has min. and max. on [-3, 4] by IVT
C ff"x)>0 = f (x) is concave upwards on [-3, 4]

—3 4



O) =14
By Rolle's theorem
3 ce(3,4), where f'(c)=0
= 3 critical point on [- 3, 4]

18. (A) Fdse eg. f(x) =sin/x
(B) True, from IVT

L 1
(C) True as )'(—_'Q;‘ sin 1[1+ ;) = sin"}(aquantity greater than one) = not defined

(D) True, asthe line passes through the centre of the circle.

19.
X tz X t2 X )
xJ'e dt 0 x_[e dt '[et ot 2
(A) Let /= Lim—2—— —): Lim L = —2Lim®° 0= _oLim&— =
x=0 —(e* = x-1)\0) x>0 z(ex—x—lj x>0  x \0 x>0 1
2
X
(B) 14x2-T7xy+y’=2
dy 28x-7
= - 4 (1)
dx 7x-2y

if x=1 then 14-7y+y?=2 =  y’-Ty+12=0 = y=3o0r4
hence L (1,3)and M (1, 4)

28-21 28-28
=7 ;dopeof tangentat M =

slope of tangent at L =

7-6 7-8
equation of tangent at L and M are
y-3=7(x-1) = y=7x-4
and y-4=0(xx-1) = y=4

8
hence N = [7, 4] = (C)

(C) Ifnisoddthen graph of f (x) is \/
|

a8, isthe only point where

f (x) has its minimum value a & & a &

If niseventhen graph of f (x) is v

From a, to a; at all values of x, f (x) is minimum.

a & & a
2 a+b
W:l(bz—a2)+m(b—a)=|(b+a)+m; °=73

20. Wehave f'(x)=5sin% cos X —5 cos*x sin x = 5 sin x cos x(sin X — cos x)(1 + sin X cos x)

(D)  2lc+m=(Ib?+ mb)

f'(x)=0at x= AIsof'(O):f'(gj:O

NG

Hence3 somec e (O, for which f'(c) =0 (ByRollesTheorem) = (C) iscorrect.

N a
N—e



21.

22.

23.

24,

25.

(i)

T T
Alsoin (O, gj f isdecreasing andin [Z’Ej fisincreasing = minimumatx=%

Y
As  f(0)= f(a) =0 = 2roots= (D)iscorrect]

f (x) = tan~}(x) is defined on R and is strictly increasing but do not have its range R]

fO)=1 f(2)=2
f()=f(1)=f(1)=2]

2X+2
f(x)=In(2 +x) -

3 continuous in (=2, o)

1 4 (x+3°-4(x+2
X+2 (x+3% 7 (x+2)(x+3)?

f(x) =

_ x?+2x+1 _ (x+1)?
T (x+2)(x+32 T x+2(x+3?2
= fis increasing in (- 2, «)

a0 Xl;iirg+ f(X) > -2 and Limf(x) > = unique roof]

0 (fF’(x)=0 atx=-1)

Let f(x)=0hastworootssay x =r, and x=r, wherer,,r, € [a, b]
= f(r)="1(r)
hence 3 there must exist somec < (r, r,) wheref ' (c) =0
but f'(X)=xb-x>+x4-x3+x%2-x+1
for x|>1, f'X)=(X-x)+xX*-x3)+(x>-x)+1>0
for x|<1, f'(X) =(1-x)+X>=x3)+(x*-x>)+x6>0
hence f'(x)>0 forall x
Rollestheorem fails = f (x) = 0 can not have two or more roots.]

Consider the example of f (x) =e*and f ' (x) = * both increasing]

Par agraph for question nos. 26 to 27
We have f(x) =x 27X
So, f'X)=2*(1-x1In2)
and f"(xX)=2*In2(xIn2-2)

1
Clearly, f(x)isincreasingin (—oo,%) and decreasing in (— 00).

n In2
y
1
o \
o N )
In2

Graph of f(x)=x2"



. 1

@ii)  Given f(x) = x2* and g(x) = max.{f(t) : x <t<x+1}
As f(x) isincreasing in (—oo,%j, hence maximum value of g(x) occursat t=x+1
n

g =f(x+1)=(x+1) 27+

1
n2

Let | = jg(x)dx—j(x+1)2 O+ gy
I
(IBP)
_1y 1
C(x#p2nz t g R
In2 .[2 dx
- 0
I 14
- (X+1) 2—(X+1) In2 _ 1 2_(X+1):|In2
In2 do |n22 0
__1 [Ll_l} _LF_E}__ t v 1 1
N2 |In2e 2 In22 |e 2 eln?2  2In2 eln?2 2In%2
1 1 2

= + - Ans.
2In?2  2In2  e|n?2 ]

Paragraph for question nos. 29to 31

|n(x+1j
(1) Lim xln(1+%j = Lim X (2}

x—>0" x—0" E

Using L'Hospital's Rule
— Li 1 Do pim(Eo e ciim—t s Lim X -
"&L%“(m‘ﬂx ‘xio(x x+1)" TR0 X+ T o0 (x4 T OA™
(20  Limf(x)=1 (can be verified) Y
x—0 e——
Limf(x)=e /
XDo . g (0,1)
Also fisincreasingforal x>0 = (D) (canbeverified) 0 X
n k/n Y k/n
n _ n
(3) = [H(HEJ j {given f (x) = (1 + LUx)* and f (k/n) = [1+Ej }
k=1
taking log,
k/n n
Inl = Lim= ZIn(1+ n] = Li 1-Zkln(lJrinx
noo N K N> N 5N k/n

i 2T Y11 x?
- fefae o a2 0T (1),
oll X) 2 o o\X X+1) 2



1

= [Lin2-o]+ 22 ax = 2+ 2 [c-inx+ 1)}
2 20 %51 T2

1 1 1
==ln2+=|1-1In2)-0| = =
2n+2[< n2)-0] >

= Ve

Paragraph for question nos. 32to 34
2

X .
y=——; notdefinedatx=+1
x“-1

1 , 2x
(x%-1)2

=1+ ; =
x%-1 y
dy _
dx
as X—>1" y—> o : X>1,y>-w© J
My x->-1y—>-0 ; X—>-1",y-> o

0 = x =0 (point of maxima)

2

Thegraphof y = 21 isas shown 7

verify all alternativels from the graph.

Par agraph for question nos. 35to 37

(1) a=1
f (X) =88+ 4x2+2bx+1
f'(X)=24x%+8x + 2b = 2(12x? + 4x + b)
for increasing function, f'xX)>0 V xeR
D<0 = 16-48b<0

1
= ng = ()
(i) if b=1
f(x)=8x3+4ax?+2x +a
f'(x)=24x%+8ax + 2 or 2(12x? + 4ax + 1)

for non monotonic f ' (x) = 0 must have distinct roots
hence D>0 i.e. 168¢-48>0 = & >3

a>,/3 ora<- .3
aec?23,4,....
sum = 5050 — 1 = 5049 Ans.
(i) If x;, X, and X, are the roots then log,x, + 1og,X, +log,x; =5
log,(X,X,X5) =5

X XXg = 32
2. 32
-8 =

= a=-256 Ans.]




3. AR MBRST,;(CQD)Q

" szfl(x +1) —(x2—1)OI :ﬁfl(l— (x2—1)]dx _ _ffl (x2-1) o
Ha  (XC+D? Hal (P2 Ha(C+D?
I1
(X _1) dx 1 1
llzl/ja(x2+1) where (a= /2+1) ; put x=1 = dx=—t—2dt
1
e 2 (1-t2)t4 -t Va2 g
) Iﬁ It L) I(1+t 2)? I(t2+1)2dt
a[terlj a
totP-1
- e
= 2,=0= ,=0 =  2istheanswer.]

(B) Domainoff(x)is(0,1) v (1, x)
Inf(x)=1 = f (x) = e = constant
f'(x) =0, foradlin (0, «)-{1}
(C) Clearly (1, 0) isthe point of intersection of given curves.

X

Now, f'(x) = 27 + 2% (I2) (InX)

Slope of tangent to the curvef (x) at (1,0) =m, =2

d 1
Similarly, gx) = &(eZX'”X_l) :XZX(ZXX;+ 2Inx)

Slope of tangent to the curve g (x) a (1,0) =m, =2
sncem, =m, =2
= Two curves touch each other, so angle between them is 0.
Hence cos0 =cos0=1

(D) 3y¥-3y-3xy=0 = y=—

y=0 = y =0, nored x.
y=w = y=x= y=1ly=1
Thepointis(1, 1)

39.  (A)>R,(B)—Q,C)—P(D)—>S

dy 4t ) . 4t 3
< =— —at"=—(x—at
(A) i 3 Tangentis Y 3( )
al 3
xX-intercept = —
=
4
y-intercept _ _ 8l
3

at® at*
the point of intersection of tangent with the axes are 2 0| and |C T3




(B)

(©)

(D)

40

A[O-—EJ B{i OJ P(a-lz,aﬁ)
i ,

4
PdividsAB externaly in4: 3

m 4
— == = m=4&n=3
n 3

asm & n are coprime to each other
m+n="7

dX siny .
d_=e COSY: dopeof norma - _1

equation of normal is x+y=1

Area =t
rea =-

LY L et tanget
y_xz'dx_ & - Sopeottangent = —2

_eZ—ZX.ﬂ_eZ—Zx _2 .

y=e .(=2):slope of tangent — _2
~tang=0

_l_ bex/S _3
Length of subtangent | y'| blex/3 -
2

(A)—(9).(B) > (),(C) —>(9).(D) > (9)

1
y= f(X)+; soy>0

Now f(¥)f (f (y)+%j=1 dso f(x)f(y)=1

2 f(x)= f(f (y)ﬁ): f{f(le f(x)l+1/XJ

also f(x) isincreasing

now f(x)= > is decreasing so discarding it f (x)=

1-5

2X



Applications Of Derivatives

Exercise 2(B)
Given S = x2 + 4xh = 1200
and V =x?h
_ x%(1200-x?) 1 s
V(X) = I VaE— V(X) = 2 (1200x — x°)

Pu V'(x)=0 gives x=20
If x=20,h=10
Hence V= x?h=(400) (10) = 4000 cubic cm.

Note that C, isasemicircle and C, isarectangular hyperbola.
PQ will be minimum if thenormal at Ponthesemicircleisalsoa
normal aaQon xy=9

Let thenormal at Pbe y=mx ~..() (m>0) y y = mx
solving it withxy =9 g
. _3 9\/_
mx<=9 = ;Y= P
m' —1/m
3 3\/— X
=|—,3Vm
Q‘(fs j
differentiating xy =9
dy L= d__y
X ty=0= dx X
dy_ 3mm
dXQ 3
tangent at P and Q must be parallel
1
-m=-— = =1 = m=1
m

normal atPand Qis y=x
soIvmgP(l 1) and Q(3, 3)
: (PQ?=d’=4+4=8 Ans.]
2

The given expression resembles with (x, — x,)? + (y, — ¥,)? wherey, = % and

Yo = {(17-X5)(x, —13)
Thus, we can thing about two points P,(x,, y,) and P,(x,, Y,) lying on the curves x? = 20y and
(X — 15)? + y? = 4 respectively.
Let D be the distance between P, and P, then the given expression simply represents D2,
Now, as per the requirements, we have to locate the point on these curves (in the first quadrant) such
that the distance between them is minimum.
Sincethe shortest distance between two curves always occurs along the common normal, it impliesthat
we have to locate a point P(x,, y,) on the parabolax? = 20y such that normal drawn to parabolaat this
point passes through (15, 0).

xf -10
Now, equation of the normal to the parabola at (x,, y,) is (Y—EJ = X—l(X—Xl). It should pass
through (15, 0).

= x’f +200x, -3000=0 = X, =10= Yy, =5



=  D=,10-152+5% -2= (5y2-2)

. . - . - 2
Theminimum vaueof thegiven expressonis (5\/5_2)2 = (ax/E—b)

a=5&b=2
x=1t2;y=t
dx_ _ dy_ 5
ot =2t; at =3t
dy _ 3t
dx 2

y-t3= % x-t) .2
2k — 2t3 = 3th - 3t3

t' —3th+2k=0

tt,t, =—2k  (put tt,=-1); hence t, = 2k

now t, must satisfy the equation (1) which gives 4y? = 3x — 1.
Comparing withay?=bx — 1, wehavea=4and b= 3.

—2x+log, (k* -6k +8), —2<x<-1
We have F(x) = 2
x3+3x%+4x+1, ~1<x<3

Also F(x) is increasing on [-1, 3] because F'(x) >0 V x € [-1, 3].
And F’'(x) =-2 V x € [-2,-1), so F(x) is decreasing on [-2,-1).
If F(x) has smallest value at x = -1, then we must have

Lim F(-1-h) = F(-1)

= 2+log,, (k*-6k+8)>-1 = log,,(k®°-6k+8)>-3 = k’®-6k+8<8
= k?-6k<0 = kel0,6] (1)
But in order to definelog,,(k? — 6k + 8),
We must have k?-6k+8>0
= k-2)(k-4)>0 = k<2or k>4 ... 2
From (1) and (2), weget k € [0, 2) U (4, 6]
= Possible integer(s) intherange of k are 0, 1, 5, 6
Hence the sum of al possible positive integer(s) intherangeof k=1+5+6=12 Ans. ]

3
We have F(x) = % +(@-3)x?+x-13

. For F(x) to have negative point of local minimum, the equation F '(x) = 0 must have two distinct
negative roots.
Now, F'(x)=x2+2(@-3)x+1

: Following condition(s) must be satisfied simultaneously.

() Discriminant > 0; (i)  Sumof roots<0; (iii)  Product of roots> 0
Now, D>0

= 4@-32%>4 = @-3°-1>0 = (@-2)@-4>0
ac(-w,2)u@d,0) e (1)

Also -2@-3)<0 = a-3>0 = a>3 ... (i)

And product of root(s) =1>0VaeR
(i) (i) N (i) = ac (4, ) ~(10)
Hence sum of value(s) of a=5+6+ 7+ ......... + 100 = 5040 Ans. |



1
Consider y=x+ ;—3

y
dy_, 1 _
= dx X2 - 5
g y=p-3
Y _o = x=1lor-1
dx
As x>0, y->woadx—>0,y—>-w L 3t V¥ + ™4 v
1 T T (0’ 0) | ‘\Ai\i:l___,l"’B T
Also roots of x+;—3:o: x2-3x+1=0 1 Where _[3_2J§]
3+4/9-4 3+45 T and B=[3+2ﬁj
T2 2 2N
For two distinct solutions either p—-3=0 = p=3 ‘
or 1<p-3<5

4<p<8
Hence p e {3} U (4, 8)
p={3,5 6,7} = Sum=21Ans.]

Let f"(x)=6a(x-1) (a>0)thenf’'(x)= 6a(x—22—x] +b=3a(x?-2x) + h.

Now f'(-1)=0 = 9a+b=0 = b=-09a.
f'(x)=3a(x?-2x-3)=0 = x=-1and3.
So y =1f(-1) and y = f(3) are two horizontal tangents.
Hence distance between its two horizontal tangents = |f(3) — f(-1)| = |-22 — 10| = 0032. Ans. ]

I 1 3V

VoumeV— A hy = h, =51

(V) 17 A
3V 3V 3V

| h,="5—, h,= andh,=
My — h, Ay, = A, AN = A,
50(A1+Az‘+%+@(hl+hz+h3+h4):(p‘1+é+%+@(3_v+3_v+3_v+3_\/}

= i+i+i
=3VA t A+ A+ AL As A,
Now usingA.M.-H.M mequalltylnAl, A2, Aj A, we get
A1+A2+A3+A4> 4

4 (1 1 1 1
—+—+—+—
Al A, Ay Ay

1 1 1 1
= (AFAFAFA)| A~ Tttt =216

Al Ay A A4
Hence the minimum value of (A,+A +A +A )(h,+h,+h,+h,) =3V (16) =48V =48 x 5 =240 Ans. ]



8 8
y:xzandy:—;; g=p?and s=-7 (D)

d
Equating%atAand B, weget F(x)=x2 !
A(p.q)

8

2p:r—2 () = pr2 =4 0 X
> 8
_9-s _ P +? 2 _ 8 . 16

Now mAB_E = 2p= -, =P =2pr+ - = p°=—

16 16
— r—4:T:>r=1(r¢O) = p:4

r=1, p=1

Hence p+r=5

x=0 and x=1]

y=x?
dy _,  dx
dt — 77 dt
X 1om
gt - lom/sec.

2
tand = — =x

do dx
sec?0 i
do 1
E—loxcosze—loxﬁ—l {ax=3m}
32 2 d_y_o Q_?,_XZ
oY ax T = dx ~ 2%
slope of se2 gty = 2802 _
ope of tangent at (4&2 , 8a3) = 2(8a%)

let this tangent at this point also cuts the curve at (4b?, 8b3) and normal at this point slope of

normal at (4b?, 8b%) = — —— .
3b
:>3a:—i:> ab=—1 . ()
3b 5

ga®-8b> _ 2(@°-b%)  2(@2+h?+ab)
4a? —4p? ~ (a%®-b?) a+b

= 3a[itisequal to slope of target]

= 2&%+ 2b% +2ab =322 + 3ab

dopeof line=



14.

15.

16.

2 a’-1

81a° 9

= 2= +ab =

2 =8la* - 9a?

= 8la*-9a?-2=0

8la* - 18a2+922-2=0
9a? (982 —2) + (9a2-2) =0
= (9&2-2) (9a2+1)=0
92 =2

Let x=rcos® and y=rsino

= r’=x%+y? tanez% 0 € (0, n/2)

r2 r2

2

~ r’[cos?0+sin0cosO + 45n20]  (1+C0S20) +8in 20+ 4(1—c0s20) _ 5+sin 20+ 3c0s20

2 2
= = —|5+410]) =
Nma = '5_ /10 15( VI0) = m
2 2
- _ 2 (5-410) =
Nma= 54 /10 15( VI0) =m
CMim 210 2 2 _
= T =lsacs =  2007x 7 =133 Ans]

f@ 2%+9 1

f(6) ~ %49 3’
32k +9)=2%k+9

= 26k —3(23)-18=0
23k =y
y?-3y-18=0
(y-6)(y+3)=0
y=6; y=-23 (rejected)
2%k=6

now f(9)-f(3)=2%-23% {from(1)}
- (23k)3 — 23k
=6°-6=210

hence N=210=2-3-5-7

Total number of divisor=2-2-2-2=16

number of divisors which are composite = 16 — (1, 2, 3,5, 7) =11 Ans. ]

f(9) - f(3) = (2% + 9) — (23 + Q) = 2% _ 3

f(-3)=f(3)=2 [ f(X)isanevenfunction, .. f(=x)=f(X)]

again f(-1)=f(1)=-3
21f(-)[=2]f(1)|=2]-3]=6

;
from the graph, -3< f (gj <-2

f(0)=0 (obviously from the graph)

(D)
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18.

19.

cos?(f(-2)) = cos(f(2)) = cos*(1) =0

f-=f(-7+8)=f(1)=-3 [f (X) has period §]

f(200=f(4+16)=f(4) =3 [f(NT+x)=f(X)]
sum=2+6-3+0+0-3+3

sum=5

Wehave f (x)= (b?-3b + 2) (cos?x —sin®x) + (b — 1) x +sin 2
f'(x) = (b=1) (b=2) (= 2sin 2x) + (b — 1)

Now, f'(x)=0foreveryx e R,

0 (b-1) (1-2(b-2) sin2x) 20V x eR
b=1

Also, ! >1:be(§,2ju(2,§)
2(b—2) 2 2

Now,whenb=2,f(x)=x+sn2 = f'(x)=1(=0).

H b —3—5 = b—§ db—§

ence, p 2,2 1_Zan 2_2
b+b _§+§_§_4

= Brb)=5r5=5

Let x=rcosfandy=rsino
E=(X+5)(y+5) =(rcos0+5)(rsin®+5)=r?sin0 cosO + 5r(cos 0 + sin 0) + 25
Now put x=rcos@andy=rsin0 in x2+xy+y?=3
= r’cos’0 +r2sin® cos0 +r2sin0 = 3
3 6

2 + i = 2: =
- ML+snBcosh)=3= r 1+sinbcosd  2+sin26

. ) T 5t . T 5n
=2+sn20] ., =3 occursat sin20=1 = 20=— or — - i.e. —or —-

2
hence r9] 5 5 2 2

min.

2
Hence E= %(sin29)+ 5r(cos6 +sin0) + 25

1 1
put  r2=2and 6:% = E:1+5ﬁ(ﬁ+ﬁj+25:36

5 1 1
put  r2=2and 6:771 = E:1+5J§(—ﬁ—ﬁ}+25:16

hence minimum value of E is 16

Using LMVT for f in[1, 2]

vV ce(l2 %:f'(c)gz

f2)-f(1)<2 -~ (<4 (D)
againusing LMVT in[2, 4]
vV de (2 4) %:f'(d)sz

f@)-f(2)<4
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8-f(2)<4
4<f(2)

=

from (1) and (2) f(2=4

Let x treebe added then
P(x) = (x + 50) (800 — 10x)
now P(x)=0 =

x=15

(224

(2)



APPLICATIONS OF DERIVATIVES
EXERCISE 2(C)

y=ax’ +bx’ +cx+5

It has repeated root (-2)
d—y:3ax2 +2bx+c¢

X
y(—2)=0
—-8a+4b—-2c+5=0
y'(=2)=0
12a—-4b+c=0
y'(0)=3
c=3
12a4-4b+3=0 and _8a+4b-1=0
a:—% and b:—%,c:3
Xy =4,x"+y* =8

__Y __X
m =-=,m, =——

X y
Clearly curvesintersect at (J_r2\/§, J_rzﬁ)

Here, m, =m,
Curvestouch each other.

y =cos(x+y)

j—z=—sin(x+y){l +j—z}

dy _ —sin(x+y) 1

dx 1+ sin (x +y) T2 e [Given]

2sin(x+y):1+lsin(x+y)

sin(x+y):1

- (4n+1)n
x+y=(4n+1)5 and YZCOSTZO

e (4n+1)m
2
But 2n<x<2n
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